
CS62 Class 23: MSTs, Directed Acyclic Graphs
Graphs



Agenda
• Last time:  

• MST + Prim’s review 

• Kruskal’s 

• Directed acyclic graphs 

• Topological sorts



2 algorithms to find the MST
Given a connected edge-weighted undirected graph, find a 
spanning tree of minimum weight.

 



Last time: Prim’s Algorithm 
Start from some arbitrary start node. 

• Repeatedly add the shortest crossing edge that has one 
node inside the MST under construction. 

• Repeat until V-1 edges.



Prim’s algorithm 
(optimized)



Prim’s Algorithm Implementation 
The natural implementation of the conceptual version of Prim’s algorithm is highly 
inefficient. 

• Example: Iterating over all pink edges shown is unnecessary and slow. 

Can use some cleverness and a PQ to speed things up. 

Realistic Implementation Demo 

• Very similar to Dijkstra’s!
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Note: Vertex removal in this implementation of Prim’s is 
equivalent to edge addition in the conceptual version of 
Prim’s.

Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
Removed distTo 

= part of MST
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.

Note: unlike Dijkstra’s, we consider distance from tree 
(e.g., E is 1 away from the tree via C, but would be 2 
away from the source A in Dijkstra’s) 



Worksheet time!
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Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 
Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v. 
• We just relaxed C’s edges. Show distTo, edgeTo, and fringe after the next relaxation.
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Worksheet answers
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 
Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v. 
• We remove the C->E edge and update D, G, and F. (B not updated)
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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No need to consider B’s other 
edges with weight 5 and 3 since 
other side is already marked

Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.
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Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.



B

C

D

E

F

G

As

Node  distTo    edgeTo
A                 -
B                 A
C                 A
D                 E
E                 C
F                 G
G                 D

5
2

1

15

3

2
11

3

1

1

Fringe: []

41

Prim’s Demo
Insert all vertices into fringe PQ, storing vertices in order of distance from tree. 

Repeat: Remove (closest) vertex v from PQ, and relax all edges pointing from v.

Done! MST is represented by edgeTo array.



Prim’s algorithm code & 
runtime



Prim’s vs. Dijkstra’s
Prim’s and Dijkstra’s algorithms are exactly the same, except Dijkstra’s considers 
“distance from the source”, and Prim’s considers “distance from the tree.” 

Visit order: 

• Dijkstra’s algorithm visits vertices in order of distance from the source. 
• Prim’s algorithm visits vertices in order of distance from the MST under construction. 

Relaxation: 

• Relaxation in Dijkstra’s considers an edge better based on distance to source. 

• Relaxation in Prim’s considers an edge better based on distance to tree.



public class PrimMST {
  public PrimMST(EdgeWeightedGraph G) {
    edgeTo = new Edge[G.V()];
    distTo = new double[G.V()];
    marked = new boolean[G.V()];
    fringe = new SpecialPQ<Double>(G.V());
 
    distTo[s] = 0.0;
    setDistancesToInfinityExceptS(s);
    insertAllVertices(fringe);
 
    /* Get vertices in order of distance from tree. */
    while (!fringe.isEmpty()) {
      int v = fringe.delMin();
      scan(G, v);
    } 
  }
  ...

Prim’s Implementation (Pseudocode, 1/2)

Fringe is ordered by 
distTo tree. Must be a PQ 
like Dijkstra’s.

Get vertex closest to tree 
that is unvisited.
Scan means to consider 
all of a vertices outgoing 
edges.



private void scan(EdgeWeightedGraph G, int 
v) {
  marked[v] = true;
  for (Edge e : G.adj(v)) {
    int w = e.other(v);
    if (marked[w]) { continue; } 
    if (e.weight() < distTo[w]) {
      distTo[w] = e.weight();
      edgeTo[w] = e;
      pq.decreasePriority(w, distTo[w]);
    }
  }
}

Prim’s Implementation (Pseudocode, 2/2)

Important invariant, fringe must be ordered by 
current best known distance from tree.

Already in MST, so go to next edge.
Better path to a particular vertex 
found, so update current best known 
for that vertex.

Vertex is closest, so add to MST.

  while (!fringe.isEmpty()) {
    int v = fringe.delMin();
    scan(G, v);
  } 



Prim’s Runtime

Q: What is the runtime of Prim’s 
algorithm? 

• Assume all PQ operations take 
O(log(V)) time. 

• Give your answer in Big O notation.

private void scan(EdgeWeightedGraph G, int 
v) {
  marked[v] = true;
  for (Edge e : G.adj(v)) {
    int w = e.other(v);
    if (marked[w]) { continue; } 
    if (e.weight() < distTo[w]) {
      distTo[w] = e.weight();
      edgeTo[w] = e;
      pq.decreasePriority(w, distTo[w]);
    }
  }
}

  while (!fringe.isEmpty()) {
    int v = fringe.delMin();
    scan(G, v);
  } 



Prim’s Algorithm Runtime
Priority Queue operation count, assuming binary heap based PQ: 

• Insertion: V operations, each costing O(log V) time. 
• Delete-min: V operations, each costing O(log V) time. 
• Decrease priority: E operations, each costing O(log V) time. 

Overall runtime: O(V*log(V) + V*log(V) + E*log(V)).  

• Assuming E > V, this is just O(E log V) (Same as Dijkstra's).

# Operations Cost per operation Total cost

PQ add V O(log V) O(V log V)

PQ delMin V O(log V) O(V log V)

PQ decreasePriority O(E) O(log V) O(E log V)



Kruskal’s algorithm



Kruskal’s algorithm overview
• Sort edges in ascending order of weight. 

• Starting from the one with the smallest weight, add it to the MST unless doing so would create a 
cycle. Repeat until V-1 edges. 

• Uses union-find, a data structure we haven't covered.

 



Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Cycle? No.

Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Cycle? No.

Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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utilized by Kruskal’s algorithm.

Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges. Note that unlike Prim’s, the in-

progress MST is not guaranteed 
to be connected
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Cycle? No.

Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.
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Cycle? No. 

V-1 edges, so we’re done!

Kruskal’s Demo
Consider edges in order of increasing weight. Add to MST unless a cycle is created. 
Repeat until V-1 edges.



Kruskal’s Algorithm
Initially mark all edges gray. 

• Consider edges in increasing order of weight. 
• Add edge to MST (mark black) unless doing so creates a cycle. 
• Repeat until V-1 edges. 

Why does Kruskal’s work? Special case of generic MST algorithm 
(similar proof to Prim’s). 

• Suppose we add edge e = v->w. 
• Side 1 of cut is all vertices connected to v, side 2 is everything 

else. 
• No crossing edge is black (since we don’t allow cycles). 
• No crossing edge has lower weight (consider in increasing order).  

How do we implement Kruskal’s? Add the edges to a PQ (instead of 
vertices) and remove them one by one, checking for cycles, until V-1 
edges have been added to the MST. 



Worksheet time!
• Run Kruskal’s on this graph.

 

Edge
0-1
3-5
1-4
7-8
5-7
6-8
0-2
3-6
3-7
1-2
2-3
3-8
4-5
4-3
2-6
1-3

Weight
8
8
9
9
11
11
12
12
12
13
14
16
19
20
21
25



Worksheet answer

 



Kruskal’s code and runtime



Kruskal’s Implementation (Pseudocode)
public class KruskalMST {
  private List<Edge> mst = new ArrayList<Edge>();
 
  public KruskalMST(EdgeWeightedGraph G) {
    MinPQ<Edge> pq = new MinPQ<Edge>();
    for (Edge e : G.edges()) {
      pq.insert(e);
    }
    WeightedQuickUnionPC uf = 
             new WeightedQuickUnionPC(G.V());
    while (!pq.isEmpty() && mst.size() < G.V() - 1) 
{
      Edge e = pq.delMin();
      int v = e.from();
      int w = e.to();
      if (!uf.connected(v, w)) {
        uf.union(v, w);
        mst.add(e); 
} } } }

Run time is O(Elog(E)) if edges are not 
pre-sorted

We don’t cover this data structure 
(quick union) in the course, see 
resources slide for more 

Storing edges in PQ



Kruskal’s Runtime
Kruskal’s algorithm on previous slide is O(E log E). 

Note 1: If we use a pre-sorted list of edges (instead of a PQ), then we can simply iterate through the list in O(E) time (no need 
to delete minimum), so overall runtime is O(E + V log* V + E log* V) = O(E log* V). 

Note 2: E < V2, so log E < log V2 = 2 log V, so O(E log E) = O(E log V). So while Kruskal's algorithm will be slower than Prim's 
algorithm for a worst-case unsorted set of edges, it won't be asymptotically slower.

Operation Number of Times Time per Operation Total Time

Insert E O(log E) O(E)

Delete minimum O(E) O(log E) O(E log E)

union O(V) O(log* V) O(V log* V)

isConnected O(E) O(log* V) O(E log* V)

Fast heap construction algorithm

O(E) if edges pre-sorted

Note: A weighted quick union is represented as a tree, so most operations are log(H)



Prim’s vs. Kruskal’s (visual)

https://www.youtube.com/watch?v=vmWSnkBVvQ0


Shortest Paths and MST Algorithms Summary

Problem Algorithm Runtime (if E > V) Notes

Shortest Paths Dijkstra’s O(E log V) Fails for negative 
weight edges.

MST Prim’s O(E log V) Analogous to 
Dijkstra’s.

MST Kruskal’s with pre-
sorted edges

O(E log E) Uses weighted 
quick-union with 
path compression



Worksheet time!
• Run Kruskal's and Prim's algorithm (starting at index 0) on the following graph. Do they give the same answer?



Worksheet answer
• Run Kruskal's and Prim's algorithm (starting at index 0) on the following graph. 

• Yes, same MST. 



Directed Acyclic Graphs



Graph algorithms so far
Problem Problem Description Solution Efficiency

paths Find a path from s to every 
reachable vertex.

DFS O(V+E) time 
Θ(V) space

shortest paths Find the shortest path from s 
to every reachable vertex.

BFS O(V+E) time 
Θ(V) space

shortest 
weighted paths

Find the shortest path, 
considering weights, from s to 
every reachable vertex.

Dijkstra’s O(E log V) time 
Θ(V) space

minimum 
spanning tree

Find the minimum spanning 
tree.

Prim’s O(E log V) time 
Θ(V) space

minimum 
spanning tree

Find the minimum spanning 
tree.

Kruskal’s O(E log E) time 
Θ(E) space



How to determine if a graph has cycles?
• Given a undirected graph, determine if it contains any cycles. What is its runtime? 

• May use any data structure or algorithm from the course so far.

B

C

D

E

F

GA



How to determine if a graph has cycles?
• Given a undirected graph, determine if it contains any cycles. What is its runtime? 

• May use any data structure or algorithm from the course so far.

B

C

D

E

F

GA

• One possible approach: Do DFS from A (arbitrary vertex). 

• Keep going until you see a marked vertex. 

• Potential danger: 

‣ B looks back at A and sees marked. 

• Solution: Just don’t count the node you came from. 

• Worst case runtime: O(V + E). 

• With some cleverness, can give a tighter bound of O(V) (the number of edges we 
check is at most V, so O(V+E) = O(V))



Directed acyclic graph

• Property: A directed graph has a cycle if and only if its depth-first search reveals a 
back edge. 

• A graph without cycles is acyclic. 

• DAGs are good for modeling dependencies: before you do C, you have to do A; before 
you do A, you have to do B. 

• A linearization or a topological sort of a DAG is an ordering of its vertices so that for 
every directed edge from vertex u to vertex v, u comes before v in the ordering.

Q: This DAG has… 

• how many sources? 

• how many sinks? 

• how many possible linearizations? 
hint: 1 valid one is B,A,D,C,E,F



Directed acyclic graph

• Property: A directed graph has a cycle if and only if its depth-first search reveals a 
back edge. 

• A graph without cycles is acyclic. 

• DAGs are good for modeling dependencies: before you do C, you have to do A; before 
you do A, you have to do B. 

• A linearization or a topological sort of a DAG is an ordering of its vertices so that for 
every directed edge from vertex u to vertex v, u comes before v in the ordering.

Q: This DAG has… 

• how many sources? 

• how many sinks? 

• how many possible linearizations? 
hint: 1 valid one is B,A,D,C,E,F

1 (B)

2 (E, F)

4. other 3: B,A,D,C,F,E; B,D,A,C,F,E; B,D,A,C,E,F



Topological sorts



Topological Sort

Suppose we have tasks A through H, where an arrow from v to u indicates that v 
must happen before u. 

• What algorithm do we use to find a valid ordering for these tasks? 
• Valid orderings include: [A, C, B, D, F, E, H, G], [C, A, D, F, B, E, G, H], …

B

C

D

E

F

G

H

A

Hint: try running DFS 
and see what 

happens. How can 
you change it so it 

works?



Solution

Perform a DFS traversal from every source vertex. Do NOT clear markings in 
between traversals. 

• Record DFS postorder (left, right, root) in a list. 
• Topological ordering is given by the reverse of that list (reverse postorder).

B

C

D

E

F

G

H

A



Topological Sort (Demo 1/2)

A

B

C

D

E

F

G

H
Postorder: [] 
Call stack: A

*
A

B

C

D

E

F

G

H
Postorder: [] 
Call stack: A→B

*

A

B

C

D

E

F

G

H
Postorder: [] 
Call stack: A→B→E

*

A

B

C

D

E

F

G

H
Postorder: [H] 
Call stack: A→B→E→H

*

A

B

C

D

E

F

G

H

Postorder: [H, E] 
Call stack: A→B→E

*

A

B

C

D

E

F

G

H

Postorder: [H, E, B] 
Call stack: A→B

*

A

B

C

D

E

F

G

H

*

Postorder: [H, E, B] 
Call stack: A

A

B

C

D

E

F

G

H

*

Postorder: [H, E, B, D] 
Call stack: A→D



Topological Sort (Demo 2/2)

A

B

C

D

E

F

G

H

Postorder: [H, E, B, D] 
Call stack: A→D

*
A

B

C

D

E

F

G

H

Postorder: [H, E, B, D, A] 
Call stack: A

*
A

B

C

D

E

F

G

H

Postorder: [H, E, B, D, A] 
Call stack: C

*

*A

B

C

D

E

F

G

H

Postorder: [H, E, B, D, A] 
Call stack: C→F

*

A

B

C

D

E

F

G

H
Postorder: [H, E, B, D, A, G] 
Call stack: C→F→G

*A

B

C

D

E

F

G

H
Postorder: [H, E, B, D, A, G, F] 
Call stack: C→F

*

A

B

C

D

E

F

G

H
Postorder: [H, E, B, D, A, G, F, C] 
Call stack: C



Solution

Perform a DFS traversal from every vertex with indegree 0, NOT clearing markings 
in between traversals. 

• Record DFS postorder in a list: [H, E, B, D, A, G, F, C] 
• Topological ordering is given by the reverse of that list (reverse postorder): 

• [C, F, G, A, D, B, E, H]

B

C

D

E

F

G

H

A



Topological Sort

• Topological ordering: [C, F, G, A, D, B, E, H] 

• When nodes are topologically sorted in a diagram, arrows all point rightwards. 

• Be aware, that when people say “Depth First Search”, they sometimes mean with 
restarts, and they sometimes mean without. 

• For example, when we did DFS for reachability, we did not restart. 

• For Topological Sort, we restarted from every vertex with indegree 0 (source).

C
E

H

A

B

C

D

E

F

G

H

F G A
D

B



Worksheet time!
Give a topological ordering for the DAG below (a.k.a. topological sort). When you 
can choose from multiple vertices, take the one with lower edge weight.  

B

D

C

E

FA
s 4

1

2

2
6

1

1

3



Give a topological ordering for the DAG below (a.k.a. topological sort) 

• A, D, B, C, E, F (because DFS postorder was FECBDA)

B

D

C

E

FA
s 4

1

2

2
6

1

1

3

B

D

C

E

FA
s 42 6 11

1

3

1

Worksheet answer



Topological sorts can only work on DAGs
A topological sort only exists if the graph is a directed acyclic graph (DAG). 

• For the graph below, there is NO possible ordering where all arrows are respected. 

DAGs appear in many real world applications (causalities, hierarchies, temporal dependencies), 
and there are many graph algorithms that only work on DAGs.

A

B

C

D

E

F

G

H



Graph algos so far
Problem Problem Description Solution Efficiency

paths Find a path from s to every 
reachable vertex.

DFS O(V+E) time 
Θ(V) space

shortest paths Find the shortest path from s to 
every reachable vertex.

BFS O(V+E) time 
Θ(V) space

shortest 
weighted paths

Find the shortest path, 
considering weights, from s to 
every reachable vertex.

Dijkstra’s O(E log V) time 
Θ(V) space

minimum 
spanning tree

Find the minimum spanning tree. Prim’s O(E log V) time 
Θ(V) space

minimum 
spanning tree

Find the minimum spanning tree. Kruskal’s O(E log E) time 
Θ(E) space

topological sort Find an ordering of vertices that 
respects edges of our DAG.

DFS from source nodes O(V+E) time 
Θ(V) space

Why? It’s just DFS.



Lecture 23 wrap-up
• Final Proj Part 1 due Weds 11:59pm 

• HW10: On The Road due next Tues 11:59pm  

• Checkpoint 3 in two weeks (Mon 5/6). The last lecture on the checkpoint will be 
tomorrow (finishing up DAGs). If you have SDRC accommodations, please schedule with 
them. 

Resources
• Recommended Textbook: Chapter 4.3 (Pages 604-629) 

• Website: https://algs4.cs.princeton.edu/43mst/ 

• Visualization: https://visualgo.net/en/mst 

• Weighted quick union: https://joshhug.gitbooks.io/hug61b/content/chap9/chap94.html  

• Practice problems behind this slide 

• Textbook on DAGs (3.3.2): http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf   

• Practice problems behind this slide 

https://algs4.cs.princeton.edu/43mst/
https://visualgo.net/en/mst
https://joshhug.gitbooks.io/hug61b/content/chap9/chap94.html
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf


Problem 1
• Run Kruskal’s on this graph



Answer 1
Consider edges in ascending order of weight.

・Add next edge to tree T unless doing so would create a cycle.

19

Kruskal's algorithm demo

0-7  0.16

2-3  0.17

1-7  0.19

0-2  0.26

5-7  0.28

1-3  0.29

1-5  0.32

2-7  0.34

4-5  0.35

1-2  0.36

4-7  0.37

0-4  0.38

6-2  0.40

3-6  0.52

6-0  0.58

6-4  0.93

5

4

7

1
3

0

2

6

a minimum spanning tree



・Start with vertex 0 and greedily grow tree T.

・Add to T the min weight edge with exactly one endpoint in T.

・Repeat until V - 1 edges.

3

Prim's algorithm demo

5

4

7

1
3

0

2

6

0-7  0.16
2-3  0.17
1-7  0.19
0-2  0.26
5-7  0.28
1-3  0.29
1-5  0.32
2-7  0.34
4-5  0.35
1-2  0.36
4-7  0.37
0-4  0.38
6-2  0.40
3-6  0.52
6-0  0.58
6-4  0.93

an edge-weighted graph

Problem 2
• Run Prim’s on this graph 

starting at 0 



Answer 2
・Start with vertex 0 and greedily grow tree T.

・Add to T the min weight edge with exactly one endpoint in T.

・Repeat until V - 1 edges.

18

Prim's algorithm demo

5

4

7

1
3

0

2

6

0-7  1-7  0-2  2-3  5-7  4-5  6-2

MST edges



Longest Path conceptual problems
• Find an example where the obvious algorithm (Dijkstra’s but pick the biggest edge first) 

fails. 

• Is the longest path to every other vertex always a tree (i.e. does an LPT exist for all 
graphs)? 

• Why is the longest path problem (general, not just DAGs) hard? Try to develop an intuition 
for exactly how.  

• (Search the internet for any of these answers if you’re having trouble thinking about it.) 

• (There are no solutions provided to these conceptual problems)


