CS62 Class 21: More BFS/DFS, shortest paths
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Agenda

 Last time: DFS + BFS

* Directed graphs, DFS + BFS on directed graphs
+ Edge-weighted graphs

» Shortest paths
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Order visited: 0, 6,4, 5, 3, 2, 1



Depth-first search analysis

public void dfs(int s) {

« DES marks a” Vertices COﬂﬂECted {O S N tlme boolean[] marked = new boolean[V]; //marked[v] - is there an s-v path
. . int[] edgeTo = new int[V]; //edgeTo[v] = previous vertex on path from
prOpOrthnal tO ‘ V‘ -+ ‘E‘ 1N the WOrSt case. int[] distTo = new int[V]; //distTolv] - distance from s to v

for (int 1 = 0; i < V; i++) {

» |Initializing arrays marked and edgeTo takes distToli] = -1; // initialize distances to -1
: : h
time proportional to | V].

marked[s] = true;

» Each adjacency-list entry is examined exactly tototont (o arked. edaeTo. distTo):
once and there are 2| E| such entries (two for
each edge |n an und”'ected graph) private void dfsHelper(int v, boolean|[] marked, int[] edgeTo, int[] distTo) {

for (int w : adjlv]) {
if ('marked[w]) {

* Once we run DFS, we can check if vertex v is marked[w] = true;
. . . edgeTolw] = v;
connected to s in constant time (look into the distTolw] = distTolv] + 1;
. . dfsHelper(w, marked, edgeTo, distTo);
marked array). We can also find the v-s path (it )
° ° ° ° ° ° }
it exists) in time proportional to its length )

(follow the edgeTo array).



Breadth-first search




Breadth-first search

» Basic idea: BFS traverses vertices in order of distance from s. (All of s's adjacent vertices
get seen first, then the ones 2 away, then the ones 3 away...)

« BFS (from source vertex s)
» Puts onaqueue and mark it as visited.

» Repeat until the queue is empty:

» Dequeue vertex v.
>~ Enqueue each of v's unmarked neighbors and mark them.

» When we enqueue a vertex is when we mark it as visited/
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Worksheet time!

* Run the BFS on the following graph starting at vertex 0 and return the vertices in the
order of being marked. Assume the adjacent vertices are returned in increasing
numerical order (i.e. you visit smaller numbers first).




Worksheet answers

Vertices marked as visited: 0, 2,4, 5, 3, 1

marked edgeTo distTo
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Breadth-first search in Java

public void bfs(int s) { . : :
boolean[] marked = new boolean[V]; lee DFS’ BFS alSO runs in
int[] edgeTo = new int[V]; |V + | E]

int[] distTo = new int[V];

» Initializing arrays marked and

Queue<Integer> queue = new LinkedList<>();

marked[s] = true; edgeTo takes time
distTols] = 0; '
queue.add(s); enqueue s prOpOrthnal to | V1.
while (!queue.isEmpty()) { * Each adjacency-llst entry 1S
int v = queue. remove(); dequeue v examined exactly once and
for (int w : adjlv]) { :
if (imarkedTw]) <{ there are 2| E| such entries
marked [w] = true; (two for each edge N an
edgeTo[w] = v; ,
distTolw] = distTol[v] + 1; undirected graph).

ueue.add(w) ; : :
\ enqueue adjacent vertices, w



Worksheet time!

» Run DFS and BFS on the following graph starting at vertex s. Assume the adjacent vertices
are returned in lexicographic (i.e., alphabetical) order.

input

https://11011110.github.io/blog/2013/12/17/stack-based-graph-traversal.html



Worksheet answer

» Run DFS and BFS on the following graph starting at vertex s. Assume that the adj method
returns back the adjacent vertices in lexicographic order.

* DFS: s-=>a->b->e->d->c->f->g->h

» BFS: s->a->c->b->d->f->e->g->h




Summary: undirected graphs

» DFS: Uses recursion.

« BFS: Put unvisited vertices on a queue.

 Shortest path problem: Find path from s to t that uses the fewest number of edges.
 E.g., calculate the fewest numbers of hops in a communication network.
 E.g., calculate the Kevin Bacon number or Erdos number.

- BFS computes shortest paths from s to all vertices in a graph in time proportional to
[E|+|V]

» The queue always consists of zero or more vertices of distance k from s, followed by
zero or more vertices of k+1.

» DFS, on the other hand, will find a path, but it's not guaranteed to be the shortest one.



Directed graphs




Directed Graph Terminology

Directed Graph (digraph) : a set of vertices V connected
pairwise by a set of directed edges E.

Directed path: a sequence of vertices in which there is a
directed edge pointing from each vertex in the
seguence to its successor in the sequence, with no
repeated edges. (Basically just a path in the graph.)

« Asimple directed path is a directed path with no
repeated vertices.

Directed cycle: Directed path with at least one edge
whose first and last vertices are the same.

» Asimple directed cycle is a directed cycle with no
repeated vertices (other than the first and last).

The length of a cycle or a path is its number of edges.

directed
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Anatomy of a digraph



Directed Graph Terminology selfloop

» Self-loop: an edge that connects a vertex to itself. ® (D=
» Two edges are parallel if they connect the same pair of é (9)

vertices. \::
oz ®

CACIC

» The outdegree of a vertex is the number of edges pointing

from it. v _

+ The indegree of a vertex is the number of edges pointing 19,1,2,3,4,5,6,7,8,9,10,11,12
to it. }

« Avertex Wis reachable from a vertex v if there is a E = {{0,0}, {0,1}, {0,5},

12,0, 12,3},13,2},13,5},
14,2},14,3},15,4},16,0;},

» Two vertices v and w are strongly connected if they are 16,45,16,95,17,0517,8},18, 7},

18,91,19,10},19,11},110,12},
mutually reachable. (11,4} {11,12}. {12,911

directed path from v to w.



Directed Graph Terminology Wj@

+ Adigraph is strongly connected if there is a ?{\é ©
directed path from every vertex to every other Gr— \@9

vertex.

« A digraph that is not strongly connected consists

o
of a set of strongly connected components, Q{

which are maximal strongly connected
subgraphs. Oz

A digraph and its strong components

» Adirected acyclic graph (DAG) is a digraph with
no directed cycles. 0
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Digraph Applications

Digraph Vertex Edge
Web Web page Link
Cell phone Person Placed call
Financial Bank Transaction

Transportation

Intersection

One-way street

Game Board Legal move
Citation Article Citation
Infectious Diseases Person Infection

Food web

Species

Predator-prey relationship




Popular digraph problems

Problem Description

s->t path Is there a path from s to t?

Shortest s->t path  What is the shortest path from s to t?

Directed cycle Is there a directed cycle in the digraph?

Can vertices be sorted so all edges point from earlier to later

Topological sort .
pofog vertices?

Strong connectivity Is there a directed path between every pair of vertices?



Basic Graph API

public class Digraph
Digraph(int V): create an empty digraph with V vertices.
vold addEdge(int v, int w):add an edge v->w.
Iterable<Integer> adj(int v):return vertices adjacent fromv.
1nt V(): number of vertices.
int EC): number of edges.

Digraph reverse(): reverse edges of digraph.



Digraph representation: adjacency list

» Maintain vertex-indexed array of lists.
: - A
ood for sparse graphs (edges proportional to
| V]) which are much more common in the ;f\é) @’@
real world. Grm O \®>®

» Algorithms based on iterating over vertices il
adjacent from v.

o W N O

/NN

» Space efficient (|E| + | V]).

» Constant time for adding a directed edge.

* New difference: Lookup of a directed edge or )

10

iterating over vertices adjacent from v is -

12

outdegree(v).




Adjacency-list digraph representation in Java

9 public class DirectedGraph {

10 private final int V;

11 private int E;

12 private final List<Integer>[] adj;

13

14 @SuppressWarnings ("unchecked")

15 public DirectedGraph(int V) {

16 this.V = V;

17 this.E = 0;

18 adj = (List<Integer>[]) new List[V];

19 for (int v = 0; v < V; v++) A

20 adj [v]l = new ArraylList<>();

21 }

22 s

23

24 public void addEdge(int v, int w) { Very similar to undirected graph implementation,
2> A | main change is adding directed edges (1 edge,

26 adj[v].add(w); // Directed edge from v to w

27 } not 2) //adds undirected edge v-w to graph. parallel edges and
28 self-loops allowed

29 public Iterable<Integer> adj(int v) { public void addEdge(int v, int w) {

30 return adj[v]; E++;

31 } adj[v].add(w);

32 adjlwl.add(v); yndirected implementation



DFS in Directed graphs



Problem Description

Reachability

s->t path Is there a path from s to t?
* Find all vertices reachable from s along a directed path.
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Is w reachable from v in this digraph?

https://apprize.info/science/algorithms_2/2.html



https://apprize.info/science/algorithms_2/2.html

Depth-first search in digraphs

 Same method as for undirected graphs.
Every undirected graph is a digraph with edges in both directions.
Maximum number of edges in a simple digraph is n(n — 1).

(to visit a vertex v)
Mark vertex v.

Recursively visit all unmarked vertices w adjacent from v.

Find a directed path from source vertex s to a given target vertex v.

Topological sort (sort so dependencies are ordered, e.g. for fulfilling course pre-reqs).

Directed cycle detection.



Algorithms
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Worksheet time!

 Given the following adjacency list, visualize the resulting digraph and run DFS on it
starting at vertex 0. In what order did you visit the vertices?

* |s every vertex reachable from 07

0 e 3|1 k
Note: Ignore the “1” value

1 —b6l§




—[
Worksheet answer m i\
ml)
» Given the following adjacency list, visualize the resulting [ H ,‘\
digraph and run DFS on it starting at vertex 0. e [ 1\
—p -r 711 \
Order:0,3,1,6,2,4,7,5 _l +7 ,\
Yes, every vertex reachable from O >
marked edgeTo

N |([oju AW NI O

Al WINIO|O|W|.



Depth-first search analysis

» DFS marks all vertices reachable from s in time proportional to |V| + | E| in the worst case.
» Initializing arrays marked takes time proportional to | V]|.

» Each adjacency-list entry is examined exactly once and there are E such edges (different
than undirected graphs, which have 2 |E| edges).

« Once we run DFS, we can check if vertex v is reachable from s in constant time (look into
the marked array). We can also find the s->v path (if it exists) in time proportional to its
length.

+ Basically, same as DFS analysis on undirected graphs, but E instead of 2E edges



BFS In Directed graphs



Breadth-first search

 Same method as for undirected graphs.
Every undirected graph is a digraph with edges in both directions.
BFS (from source vertex s)
Put s on queue and mark s as visited.
Repeat until the queue is empty:
Dequeue vertex v.
Enqueue all unmarked vertices adjacent from v, and mark them.

Typical applications:

Find the shortest (in terms of number of edges) directed path between two vertices in time proportional to
|E|+|V].
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Order visited: 0, 2, 1,4, 3,5



Worksheet time!

 Given the following adjacency list, visualize the resulting digraph and run BFS on it
starting at vertex 0. In what order did you visit the vertices? Is every vertex reachable
from 07

0 —521-}41&

1 —)21-{»51-{»61'\




Worksheet answer *

 Given the following adjacency list, visualize the
resulting digraph and run BFS on it starting at vertex
0. In what order did you visit the vertices?

« 0,2,4,5,7,6 No, we never reach 1 or 3 from O

Vv marked edgeTo distTo
0 T 0
° ) 1 F
2 T 0 1
3 F
o o 4 0 1
5 2 2
6 7 3
. / 4 2



Summary of DFS/BFS applications

. DFS/BFS.
: BFS.



Strongly connected digraph algorithm

A is a directed graph in which it is possible to reach any
vertex starting from any other vertex by traversing edges.

* Pick a random starting vertex s.

* Run DFS/BFS starting at s. } 1
* |f have not reached all vertices, return false. % @ %‘l@
q‘_.___ﬂ-”

* Reverse edges.

Strongly connected Not sirongly connected

» Run DFS/BFS again on reversed graph.
 |f have not reached all vertices, return false.

* Else return true.



BFS/DFS space efficiency

Both DFS and BFS run in O(V+E), but use O(V) space to keep track of the vertices in
the recursive call (DFS) or queue (BFS).

Give an example of a graph that would make the space efficiency bad for DFS or BFS.

Problem | Problem Description Solution Efficiency (adj. list)

s-t paths  Find a path from s to every DFS O(V+E) time
reachable vertex. O(V) space

s-t shortest | Find a shortest path from s BFS |

paths to every reachable vertex. O(V+E) time

©(V) space



BFS vs. DFS for space efficiency

» DFS is worse for spindly graphs.
» Call stack gets very deep.
« Computer needs O(V) memory to remember recursive calls.
°* BFSis worse for absurdly “bushy” graphs.
* Queue gets very large. In worst case, queue will require O(V) memory.
- Example: 1,000,000 vertices that are all connected. 999,999 will be enqueued at
once.
» Note: In our implementations, we have to spend O(V) memory anyway to track
distTo and edgeTo arrays.
» Can optimize by storing distTo and edgeTo in a map instead of an array.



BFS/DFS code walkthrough

 DirectedGraph.java on Lecture 21 Github

public static void main(Stringl[] args) {
DirectedGraph g = new DirectedGraph(6);
.addEdge (0, 1);
.addEdge (0, 2);
.addEdge(1, 3);
.addEdge(2, 3);
.addEdge(3, 4);
.addEdge(4, 5);

Q O Q QO «QQ Q

System.out.println(g);
g.bfs(0);
g.dfs(0);




Edge-weighted graph



Edge-weighted graphs

» Edge-weighted digraph: a digraph where BEPS-Waighted (igraph

. . . 4->5 0.35
we associate weights/costs with each edge. 5-34  0.35 (D
4->7 0.37 (5)
5->7 0.28 “— : )
7->5 0.28 (:)"'
5->1 0.32 0 )
0->4 0.38
0-»2 0.26
;")g g gg shortest path from0to 6
- .

2->7 0.34 gjzi g‘ig
6->2 0.40 7->3  0.39
3"’>6 O.SZ 3"’)6 0 52
b->0 0.58 '
6->4 0.93



Weighted directed edge API

® public class DirectedEdge only difference is we now have weights

® DirectedEdge(int v, int w, double weight)
> Constructs a weighted edge from vtow (v->w) with the provided weight.
e 1nt from()
> Returns vertex source of this edge.
e 1nt to()
> Returns vertex destination of this edge.
® double weight()

> Returns weight of this edge.
® String toString()

> Returns the string representation of this edge.



Weighted directed edge in Java

public class DirectedEdge {
private final int v;
private final int w;
private final double weight;

public DirectedEdge(int v, int w, double weight) {
this.v = v;
this.w = w;
this.weight = weight;
}

public int from() {
return v;

}

public int to() {
return w;

}

public double weight() {
return weight;

}



Edge-weighted digraph API

® public class EdgeWeightedDigraph only difference is edges are DirectedEdge
® EdgeWeightedDigraph(int v) objects instead of integers

> Constructs an edge-weighted digraph with v vertices.
® void addEdge(DirectedEdge e)

~ Add weighted directed edge e.
® Tterable<DirectedEdge> adj(int v)
 Returns edges adjacent from v.
o 1nt V()
 Returns number of vertices.
o int EC)
 Returns number of edges.
® Tterable<DirectedEdge> edges()

 Returns all edges.



Edge-weighted digraph adjacency list representation

® public class EdgeWeightedDigraph
® EdgeWeightedDigraph(int v)

» Constructs an edge-weighted digraph e
with V vertices. be < F
® void addEdge(DirectedEdge e) :i 8§§
4 7 0.37
» Add weighted directed edge e. S 7 0.28
75 0.28
® Tterable<DirectedEdge> adj(int v) 31 8§§
4 0.
 Returns edges adjacent from v. -
: 13 0.29
®int VO 2 7 0.34
62 0.40
« Returns number of vertices. 36 0,22
, 60 0.58
e 1nt EC 6 4 0.93

» Returns number of edges.

® Tterable<DirectedEdge> edges()

 Returns all edges.

ad] f‘/A
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~l0]2[.26— .38

~[1]3[.29]

~2[7].34

~3]|6]|.52 reference to a
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Edge-weighted digraph representation



Edge-weighted digraph in Java

public class EdgeWeightedDigraph {
private final int V; // number of vertices in this digraph
private int E; // number of edges in this digraph
private SinglyLinkedList<DirectedEdge> adj[];
// adj[v] = adjacency list for v

public EdgeWeightedDigraph(int V) {
this.V = V;
this.E = 0;
adj] = new SinglyLinkedList<DirectedEdge>[V];
for (int v = 0; v < V; v++) , , ,
adj[v] = new SinglyLinkedList<DirectedEdge>(); Llrectedkbdge instead ofint
}
public void addEdge(DirectedEdge e) {
int v = e.from();

int w = e.to(); extract v & w with .from() and .to() getters
adj[v].add(e);
E++;

}

public Iterable<DirectedEdge> adj(int v) {
return adj[v];

}



Shortest paths




BreadthFirstSearch for Google Maps

BFS would not be a good choice for a Google Maps style navigation application.

» The problem: BFS returns path with shortest number of edges, not necessarily
the shortest path.

» That's why we need an edge-weighted graph.

=

[

40

4
Goal: go from s

(green) to t (red)

BFS answer

260

/0

/0

Correct shortest path

/0




Shortest Path variants

Single source: from one vertex s to every other vertex.
Single sink: from every vertex to one vertex t.
Source-sink: from one vertex s to another vertex t.

All pairs: from every vertex to every other vertex.

What version is there in Google Maps?



Shortest Paths Assumptions

 Not all vertices need to be reachable.

» We will assume so in this lecture.

» Weights are non-negative.

» There are algorithms that can handle negative weights.

 Shortest paths are not necessarily unique but they are simple.



Worksheet time!

Find the shortest paths from source vertex s to every other vertex. (Single source shortest path)

What data structure does your path look like?

How many edges, as a function of V, are in it? A\

What algorithm did you as a human come up with?



Worksheet answers

Find the shortest paths from source vertex s to every other vertex. (Single source shortest path)

What data structure does your path look like? A tree

How many edges, as a function of V, are in it? E =V-1 (7 vertices, 6 edges)




SPT Edge Count

If G is a connected edge-weighted graph with V vertices and E edges, there are
exactly V-7 edges are in the Shortest Paths Tree (SPT) of G, assuming every vertex is
reachable.




Dijkstra’s Algorithm
(bad examples)

(Likely for next time)



Creating an Algorithm

Let's create an algorithm for finding the shortest paths.
Will start with a bad algorithm and then successively improve it.

» Algorithm begins in state below. All vertices unmarked. All distances infinite. No
edges in the SPT.



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

P
S 2 |
2 G



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

5 2\
[af— 7 |1
| S/IE
Fringe: [A] T~



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

5 2
s / 2 |
R L
Fringe: [A] \

Removed vertex: A



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Fringe: [A, B, C] \ﬁ/

Removed vertex: A



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Fringe: | C] \ﬁ/

Removed vertex: B



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

A
The edge B—A is not
: added to SPT,
Fringe: | C, D}

because A is already
Removed vertex: B part of the SPT.



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Fringe: [ \ﬁ/

Removed vertex C



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.
While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Nothing happens.
C—B not added, B

_/
already in SPT.
Fringe: | C—D not added, D

Removed vertex C already in SPT.



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Fringe: [ \ﬁ/

Removed vertex: D



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Nothing happens.

D has no neighbors
Fringe: [ (there are no edges
going out of D).

Removed vertex: D



Bad Algorithm #1 (Inspired by BFS)

Add the start (A) to the fringe.

While fringe is not empty:
Remove a vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Takeaways:

Algorithm #1 (BFS) visits:

every node |1 edge away,
then every node|2 edges away,
then every node|3 edges away, etc.

* This algorithm would work if all our edges were the same length.



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

* When we hit one of our original nodes, add edge to the SPT.

Order of visited nodes:



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

* When we hit one of our original nodes, add edge to the SPT.

Order of visited nodes: A



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

* When we hit one of our original nodes, add edge to the SPT.

Order of visited nodes: AC



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

* When we hit one of our original nodes, add edge to the SPT.

Order of visited nodes: ACB



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

* When we hit one of our original nodes, add edge to the SPT.

Order of visited nodes: ACB



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

* When we hit one of our original nodes, add edge to the SPT.

Order of visited nodes: ACBD



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

* When we hit one of our original nodes, add edge to the SPT.

Order of visited nodes: ACBD



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

Takeaways:

* |t works, but can be really slow. For example, consider the graph below.
+ What if we measured in inches instead of miles? Or had fractional weights?

316800 ! | 126720

126720 ™~
S — 63360 EI

—
63360 316800
T



Bad Algorithm #2 (Dummy Nodes)

Bad algorithm #2: Create a new graph by adding a bunch of dummy nodes every
unit along an edge, then run breadth-first search.

Takeaways:
Algorithm #1 (BFS) visits: Algorithm #2 (dummy nodes) visits:
every node|1 edge away, every node|distance 1 away,
then every node|2 edges away, then every node distance 2 away,
then every node|3 edges away, etc. then every node distance 3 away, etc.

» Algorithm #2 order is sometimes called best-first order.
» Let's try to visit the nodes in the same order as Algorithm #2 did, but without
creating dummy nodes.




Bad Algorithm #3 (Best-First Search)

Bad algorithm #3: Perform best-first search.

 Similar to BFS, but we remove the closest edge from the fringe each time.
* We can use a priority queue to track the closest edge.



Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe. Only difference from Algorithm #1:

, , , We added the word "closest".
While fringe is not empty:

Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Fringe: [A=0] 1 \



Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

Fringe: [A=0] 1 \

Removed vertex: A



Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

B

Fringe: | C=1, B=5]
Removed vertex: A




Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,

add the edge, and add w to fringe.
SC
In BFS, we removed B
here, but in best-first,
we're removing C
because it's closer.

B
. |
s 2 1
Fringe: | B=5] 1
K

Removed vertex: C

2

\
5/11|



Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,

add the edge, and add w to fringe. «
5 5
It
Fringe: [ B=5, D=6] ! >
Q

Removed vertex: C

®



Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

SC
B
; 2 x
s[Al—2 1] D
(1\ﬁ/5
6] C
oQ

Fringe: | D
Removed vertex: B

C



Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

SQ
The only outgoing edge
is B—D. : 5
D is already part of the
SPT, so do nothing. . 5 ‘1 \
. 1 5
Fringe: | D=6]
Removed vertex: B e

®



Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,

add the edge, and add w to fringe.
%ﬂ :
° |
¢
InSoE
'~
C
oQ

Fringe: [ ] C
Removed vertex: D



Bad Algorithm #3 (Best-First Search)

Add the start (A) to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if w is not already part of SPT,
add the edge, and add w to fringe.

No outgoing edges
from D, so do nothing.

5 2
\\
s[Al—2> ] D
| (1\‘ﬁ/5
Fringe: | ] C
G

C
Removed vertex: D



Bad Algorithm #3 (Best-First Search)

Bad algorithm #3: Perform best-first search.

 Similar to BFS, but we remove the closest edge from the fringe each time.
- We can use a priority queue to track the closest edge.

Takeaways:

* Pro: We visited the nodes in best-first order (same order as in Algorithm #

without creating dummy nodes.
» Con: We got the wrong answer. Why?
» Let's revisit the step where things went wrong.

2),



Bad Algorithm #3 (Best-First Search)

-or each outgoing edge v—w:. if w is not already part of SPT, add the edge,
mark w, and add w to fringe.

edge: B was in the SPT (via A—B), so we did nothing.

What should we have done here?

» We should have added edge , and thrown
out the old edge (A—B) to B. Why?

S
* The distance to B via s 2. E
5

This is better than the currently best known y) \ X

distance to B (5, via A—B). > — 1
1 5

Fringe: [ B=5, D=6]

Removed vertex: C oCQ



Finding a Shortest Paths Tree Algorithmically

Dijkstra's Algorithm:

 So far, we've added an edge v—w if w is not already part of the SPT.
» Instead, we should add an edge if that edge yields better distance.
 Use the priority queue to track best known distances.
PHOTEY 8 \ We'll call this

process “edge
relaxation”.



Finding a Shortest Paths Tree Algorithmically

Key difference from Algorithm #3:
The condition for adding an edge.

While fringe is not empty: (This used to say "if w not in SPT").

Remove the closest vertex from the fringe and mark it. /

For each outgoing edge v—=w/ if the edge gives a better distance to w,
add the edge, and update w in the fringe.

Extra bookkeeping: Instead of E
adding to the fringe as we go, we'll /
add all vertices to start. O J\ 2 \
/ This lets us track the best known ¢ 2 1 EI
distance to each vertex.
1 5—

Add all vertices to the fringe.

Fringe: [A=0, B=0o, C=00, D=00] T



Finding a Shortest Paths Tree Algorithmically

Add all vertices to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if the edge gives a better distance to w,

add the edge, and update w in the fringe.
(A2 ] o
. 1 5—
Fringe: [~A=0, B=0o, C=00, D=00]} \

Removed vertex: A



Finding a Shortest Paths Tree Algorithmically

Add all vertices to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if the edge gives a better distance to w,

add the edge, and update w in the fringe.
SC

B ,
: |
. 2 : \EI
1 5—
Fringe: [A=0, C=1, B=5, D=00]
oQ

Removed vertex: A



Finding a Shortest Paths Tree Algorithmically

Add all vertices to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if the edge gives a better distance to w,

add the edge, and update w in the fringe.
SC

B
° |
s 2 1
Fringe: | B=5, D=00] 1
oQ

2
\
S/EI

Removed vertex: C



Finding a Shortest Paths Tree Algorithmically

Add all vertices to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if the edge gives a better distance to w,
add the edge, and update w in the fringe.

SC ™\
Improvement: We used C—B because E
the distance via C—B (2) is better than / 9
the distance via A—B (5). S | \ <
This also means we throw out the old )
edge (A—B) to B. > 1
1 5
B=2, D=6} C

Fringe: | C
Removed vertex: C e



Finding a Shortest Paths Tree Algorithmically

Add all vertices to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if the edge gives a better distance to w,

add the edge, and update w in the fringe.
SC S
2 ]
1
Fringe: | D=6] .
Removed vertex: B \



Finding a Shortest Paths Tree Algorithmically

Add all vertices to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if the edge gives a better distance to w,
add the edge, and update w in the fringe.

B— A (total=4) is not better than the

best known way to A (0).
5 2
B—D (total=4) is better than the best ’) I C S
known way to D (6, via C—D). S — l
So, we'll update the path to D.
o, we'll update the path to 1 5/

Fringe: | D=4]

o8

Removed vertex: B



Finding a Shortest Paths Tree Algorithmically

Add all vertices to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if the edge gives a better distance to w,
add the edge, and update w in the fringe.

Removed vertex: D

| 1 5—
Fringe: | ]
G



Finding a Shortest Paths Tree Algorithmically

Add all vertices to the fringe.
While fringe is not empty:
Remove the closest vertex from the fringe and mark it.

For each outgoing edge v—w: if the edge gives a better distance to w,
add the edge, and update w in the fringe.

No outgoing edges / E

from D, so do nothing. 5 | 2

| 1 5
Fringe: | ]
G

Removed vertex: D



Lecture 21 wrap-up

« HW 9: Textgenerator due 11:59p. No HW released this week. Last HW 10: On the Road due
next next Tues 11:59pm

* Final proj part 1 due Weds 11:59pm next week

» Lab this week: Programming assignment (a new one on BFS & climate change), 3-5 minute
final project check-ins. Message if you don't have a partner!

Resources

* Recommended Textbook: Chapter 4.4 (Pages 638-676)

» Website: https://algs4.cs.princeton.edu/44sp/

* Visualization: https://visualgo.net/en/sssp

 Practice problems behind this slide (from last time)


https://algs4.cs.princeton.edu/44sp/
https://visualgo.net/en/sssp

Problem 1

What is the maximum number of edges in an undirected graph with V vertices and no parallel edges?

What is the minimum number of edges in an undirected graph with V vertices, none of which are isolated (have
degree 0)?

What is the maximum number of edges in a digraph with V vertices and no parallel edges?

What is the minimum number of edges in a digraph with V vertices, none of which are isolated?



Problem 2

Assume you are given the following 16 edges of an undirected graph with 12 vertices, inserted in an adjacency
list in this order:

- 84
¢ 2-3

» 11-8
«  1-11

2.

. 0-6 > 0
. 3.6 y 6-2
« 10-3 » 5-2
« /-11 » 5-10
AL » 5-0

» 8-1



Problem 3

Run DFS and BFS on the following digraph starting at vertex 0.




Answer 1

What is the maximum number of edges in an undirected graph with V vertices and no parallel edges?
* n(n—1)/2, wheren=|V]|.

»  Whatis the minimum number of edges in an undirected graph with V vertices, none of which are isolated (have
degree 0)?

* n-—1.
»  What is the maximum number of edges in a digraph with V vertices and no parallel edges?
* n(n—1),wheren=|V]|.
»  What is the minimum number of edges in a digraph with V vertices, none of which are isolated?

c n-—1.



Answer 2

» Assume you are given the following 16 edges of an undirected graph with 12 vertices, inserted in an adjacency
list in this order:

. 84
« 2-3
. 1_11 > 11_8 » 0 ->5>2->6
» 1 ->4->8->11
° 0-6 g 2-0 » 2 ->5>6->0->3
. 3'6 > 6'2 y 3 >10->6->2
» 4 ->1->8
¢ 10-3 2 5-2 » 5>0->10->2
o« /11 . 5.10 b6 ->2->3->0
. 7-8 » 7 ->8->11
» 5-0 ) 8 >1->11->7->4
, 8-1 » 9 >
» 10 ->5->3

y 4-1 » 11 >8->7->1



Answer 3

DFS - Order of visit: 0, 1, 3, 2,4, 5, 7, 6

marked edgeTo
T

N ool INI=(OILZ
— | |||
iN|ID|lw|lm|lwl|o



Answer 3

BFS - Order of visit: 0, 1, 3,24,5, 7, 6

\' marked edgeTo distTo
0 T - 0
1 T 1 1
2 T 3 3
3 T 1 2
4 T 3 3
5 T 4 4
6 T 7 6
7 T 5 S



