CS62 Class 12: Quicksort




L ast time review

In
Stable Best Average Worst Remarks
place
Selection | X Q(n?) O(n?) O(n?) n exchanges
Use for small
Insertion | X X Q(n) O(n?) O(n?) arrays or partially
ordered
Merge Guaranteed

& X | Qnlogn)®nlogn) |Omlogn) | performance;

sort stable

Perform the first 2 steps of selection, insertion, and the merging of merge sort for the following array:




| ast week review

Selection sort: select smallest element and swap

Insertion sort: insert next element into sorted left side subarray

Merge sort: merge halves

Single elements Groups of 2 merged Group of 3 merged




Agenda

 Quicksort basics
* Quicksort code

* Quicksort analysis



Quicksort basics



Quicksort = pivots & partitions

* The main idea behind Quicksort is we pick a pivot, X, to partition
the array such that:

* All entries to the left of x are = x (smaller).
* All entries to the of X are = X (bigger).
* Xisintheright placein the final, sorted array.

* Then we sort each subarray (to the left and to the right) recursively.






n

* All entries to the left of X are < x (smaller).
* All entries to the right of x are = x (bigger).

Worksheet time!

* XIS Intheright place in the final, sorted array.

Which are valid partitions of this array if 10 is the pivot?




n

* All entries to the left of X are < x (smaller).
* All entries to the right of x are = x (bigger).

Worksheet answers!

* XIS Intheright place in the final, sorted array.

Which are valid partitions of this array if 10 is the pivot?




Context for Quicksort’s Invention

1959: Tony Hoare was working on a crude automated translation program for Russian and English.

“The cat wore a beautiful hat.”

How would you do this?

e (Binary) Search for each word.

o Find “the” inlog d time.

n words

Find “cat”in log d time...
beautiful KpacuBeas © Find-cat”inlogdtime

e Totaltime:nlogd

cat KOLLIKA

“KoLuka Hocun
KpacuBasd Luanka.”

Dictionary of d English words
mapped to Russian words



https://www.youtube.com/watch?v=pJgKYn0lcno

Context for Quicksort’s Invention

Hardware limitations at the time:
* Asentence is an array in RAM

* Dictionary stored on long piece of tape

* Searching tape takes very long (requires
physical movement!)

* Accessing the on-disk dictionary takes much
more time than accessing words in a
sentence

* (The IBM 726, left, could only store 1-3 MB)


https://www.youtube.com/watch?v=pJgKYn0lcno
https://www.ibm.com/history/magnetic-tape
https://www.ibm.com/history/magnetic-tape
https://www.ibm.com/history/magnetic-tape

Context for Quicksort’s Invention

* Tony developed Quicksort for his
machine translation project.

https://en.wikipedia.org/wiki/Tony_Hoare
ALGORITHM 64

* He couldn’t implement it well until he QUICKSORT

C. A. R. Hoarg

le a r n e d th e A LG O L 60 p r O g ra m m i n g Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng.
. . procedure quicksort (A,M,N); value M, N;

language and its support for recursion e e o i comven _
p p o comment Quicksort is a very fast and convenient method of

sorting an array in the random-access store of a computer. The

entire contents of the store may be sorted, since no extra space 1s

required. The average number of comparisons made is 2(M—N) In

(N—M), and the average number of exchanges is one sixth this

amount. Suitable refinements of this method will be desirable for

® H e WO n th e 1 980 Tu ri n g Awa rd a n d 1ts implementation on any actual computer;

begin integer 1,J;

iInvented the concept of nul 1 (but T e ()
regretted it).

end quicksort

https://dl.acm.org/doi/10.1145/366622.366644



https://www.youtube.com/watch?v=pJgKYn0lcno
https://en.wikipedia.org/wiki/Tony_Hoare
https://dl.acm.org/doi/10.1145/366622.366644

Note: this element order is
slightly different than our
Implementation

Q: How would we use this operation
for sorting?

Observations:
* 51is “in its place” (exactly where it’d be if the array were sorted)
* We can sort two halves separately, e.g., through recursive use of partitioning

5
:




Quicksort

Quicksorting n items:

* Partition on leftmost item.
 Quicksort left half.

* Quicksort right half.

unsorted

(—k—\

ot



Q uicksort partition(32)

Quicksorting n items:

* Partition on leftmost item (32).
 Quicksort left half.

* Quicksort right half.

ot



Q uicksort partition(32)

Quicksorting n items:

* Partition on leftmost item (32).
 Quicksort left half.

* Quicksort right half.

N its
place

— =5

npu: - [1s] 2 (w9 )a6)er 7| |41



Q uicksort partition(32)

Quicksorting n items:

* Partition on leftmost item (32) (done).
 Quicksort left half.

* Quicksort right half.

In its
place



Quicksort partition(32)

S
partition(15)
- - - . RN
QUICkSOrtmg niems: partition(2) partition(17)
o ¢ o . \
Partition on leftmost item (32) (done). «x X X arition(19)
* Quicksort left half (details not shown). 3 7N
partition(17) partition(26)
* Quicksort right hallf. x X X
partition(17)
X X

iNits Inits inits inits inits Iinits inits inits
place place place place place place place place

e

2 |15 17 17 | 17 | 19 | 26 32

Input:




Quicksort partition(32)

S
partition(15)
. . . . / \
QUICkSOrtmg ntems: partition(2) partition(17)
° o _ o o \
Partition on leftmost item (32) (done). «x X X Caition(19)
* Quicksort left half (details not shown). N
partition(17) partition(26)
* Quicksort right half (details not shown). NG X X
partition(17)
If you don't fully trust X X

the reCUFSion, I would INits Inits Inits Inits Inits nits Inits Inits Inits
rely on using some place place place place place place place place place
hand drawing and/or

the Java debugger! (—‘—\(—k—\(—‘—w—‘—w—‘—\ (—‘—w—k—w—‘—w—‘—\

Input: 2 |15 17|17 17 19| 26 | 32 | 41




Quicksort code



/*

* Private helper method that sorts **subarray** from lo to hi

x/
private static <E extends Comparable<E>> void quickSort(E[] a, int lo, int hi) {
if (lo < hi) {
int pivotIndex = partition(a, lo, hi);
quickSort(a, lo, pivotIndex - 1);

quickSort (a, pivotIndex + 1, hi);

Quicksorting n items:
1.Partition on leftmost item.

2.Quicksort left half.
3.Quicksort right half.



vold quickSort(E[] a, i1nt lo, 1nt hi) {

Strlng[] a = { "S", "O", an’ "T", "M", "E" };
quickSort (a) ;



Ve
* Rearranges the array 1n ascending order, using the natural order.
*

* @param a array to be sorted
*/
public static <E extends Comparable<E>> void quickSort (E[] a) {
quickSort(a, 0, a.length - 1);

J*
* Private helper method that sorts **subarray** from 1o to hi

*/

private static <E extends Comparable<E>> void quickSort(E[] a, 1nt lo, int hi) {
if (lo < hi) {
int pivotIndex = partition(a, lo, hi);
quickSort (a, lo, pivotIndex - 1);

quickSort (a, pivotIndex + 1, hi);



* Partitions the subarray allo..hi] by choosing a[lo] as pivot. After

* partitioning, al[lo..j-1] <= al[j] <= a[j+1..hi]. Returns the 1index of the

* pivot element after partitioning.

x/

private static <E extends Comparable<E>> int partition(E[] a, int lo, int hi) {

E pivot = a[lol; // Choose leftmost element as pivot
int 1 = lo + 1; // Start from the next element
int 3 = hi;

while (true) {

// Move right until we find an element >= pivot

while (1 <= 7 && ali] .compareTo (pivot) <= 0) {
1++;

}

// Move left until we find an element < pivot

while (] >= 1 && al[j] .compareTo (pivot) > 0) {
J—=3

}

// If pointers cross, break

if (1 > 3J) |
}



J==
}
// If pointers cross, break
if (1 > 73) |

break;

// Swap elements to ensure correct partitioning

FE temp = al1];
ali] = aljl;
alj] = temp;

// Swap pivot into its correct position
E temp = allo];

allo] = alj]l;

aljl = temp;

// Return the index of the pivot element after partitioning

return 7j;
[1s]2 ][ 0]



private static <E extends Comparable<E>> int partition(E[] a, int lo, int hi) {
E pivot = allo]l; // Choose leftmost element as pivot
int i = lo + 1; // Start from the next element
int J = hi;

while (true) {

// Move right until we find an element >= pivot

while (1 <= 7 && ali].compareTo(pivot) <= 0) {
1++;

}

// Move left until we find an element < pivot

while (7 >= 1 && alj] .compareTo(pivot) > 0) {
J==3

}

// If pointers cross, break

if (1 > 3) A
break;

// Swap elements to ensure correct partitioning

E temp = ali]l;
alil = aljl;
alj] = temp;

// Swap pivot into 1ts correct position
E temp = allo];

allo] = alj]l;

aljl] = temp;

// Return the index of the pivot element after partitioning

} [l [o]s]w]av ]




Worksheet time!

* Please draw what happens after the first partition of the following
array




Worksheet answers!

* Please draw what happens after the first partition of the following
array

--

~— . —

--



Quicksort analysis



The M4 series is built upon TSMC's second-genera

tion 3-nanometer process and contains 28 billion transistors.

Great algorithms are better than good ones

* Your laptop executes 10° comparisons per second

» A supercomputer executes 10'% comparisons per second

Home

Supercomputer

Insertion sort

Merge sort

Quicksort


https://en.wikipedia.org/wiki/TSMC
https://en.wikipedia.org/wiki/3_nanometer
https://en.wikipedia.org/wiki/3_nanometer
https://en.wikipedia.org/wiki/3_nanometer

The M4 series is built upon TSMC's secon d-genera tion 3-nanome ter process an d contains 28 billion transistors.

Great algorithms are better than good ones

* Your laptop executes 10° comparisons per second

» A supercomputer executes 10'% comparisons per second

Insertion sort

Thousand Million Billion
Home Instant 2 hours 300 years
Supercomputer Instant 1 sec 1 week

Merge sort

Quicksort


https://en.wikipedia.org/wiki/TSMC
https://en.wikipedia.org/wiki/3_nanometer
https://en.wikipedia.org/wiki/3_nanometer
https://en.wikipedia.org/wiki/3_nanometer

The M4 series is built upon TSMC's sec

ond-generation 3-nano

eter process an

contains 28 billion transistors.

Great algorithms are better than good ones

* Your laptop executes 10° comparisons per second

» A supercomputer executes 10'% comparisons per second

Insertion sort Merge sort
Thousand Million Billion Thousand Million Billion
Home Instant 2 hours 300 years Instant 1 sec 15 min
Supercomputer Instant 1 sec 1 week instant instant instant

Quicksort


https://en.wikipedia.org/wiki/TSMC
https://en.wikipedia.org/wiki/3_nanometer
https://en.wikipedia.org/wiki/3_nanometer
https://en.wikipedia.org/wiki/3_nanometer

The M4 series is built upon TSMC's sec

Great algorithms are better than good ones

ond-generation 3-nano

eter process an

contains 28 billion transistors.

* Your laptop executes 10° comparisons per second

» A supercomputer executes 10'% comparisons per second

Insertion sort Merge sort Quicksort
Thousand Million Billion Thousand Million Billion Thousand Million Billion
Home Instant 2 hours 300 years Instant 1 sec 15 min Instant 0.5 sec 10 min
Supercomputer Instant 1 sec 1 week instant instant instant Instant instant iInstant



https://en.wikipedia.org/wiki/TSMC
https://en.wikipedia.org/wiki/3_nanometer
https://en.wikipedia.org/wiki/3_nanometer
https://en.wikipedia.org/wiki/3_nanometer

Best case: pivot always lands in the middle




Best case: pivot always lands in the middle
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Best case: pivot always lands in the middle
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Best case: pivot always lands in the middle
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Best case: pivot always lands in the middle
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Only size 1 problems remain, so we’re done.




Best case: pivot always lands in the middle

\

.

S~ S~

e ——

Only size 1 problems remain, so we’re done.

Worksheet Q: what’s the best case run time?




(A(nlogn) best case

Total # of comparisons at each level:

S0 O

NN NN NN N
474 4 4
HE E B EEENE

e Call hthe height of this “recursion tree”
* The height of the tree h = logn
* We do n work at every level

* We do at least hn amount of work
* The total running timeis: Q(nlogn)

Only size-1 problems remain, so we’re done.




Worst case: pivot always at the start




Worst case: pivot always at the start




Worst case: pivot always at the start

=




Worst case: pivot always at the start




Worst case: pivot always at the start

What is the height of this recursion tree?

What is the running time now?

What about Big-Theta (0)?




OK but

* How s Quiczksort the fastest sorting algorithm in practice if the worst
caseis 0(n*)?

* We can just first randomly shuffle our data (O(n) time) to avoid sorting
on pre-sorted arrays.

* Then it’s extremely unlikely to ever run into the worst-case scenario
(you’re more likely to get struck by lightning).

* Average case is O(nlogn). We won’t go into a detailed proof, but
hopefully the next slide can convince you intuitively and the following
one empirically.



Argument #1: 10% Case

Suppose pivot always ends up at least 10% from either edge

Running time 9n/10

* Work at each level: O(n)

 Let’s call the height of the recursion tree h
. The heightis then h = logion = 0(log n) n/100 | | 9n/100 || 9n/100 || 81n/100

Overall: O(n log n).




A useful way to think about logarithms in CS: how many times
can you divide by the base before you get to truncated zero?

log.(b)

lOga(b) — lOgC(Cl)

Change of Base



For more, see: http.//www.informit.com/articles/article.aspx?p=2017754&seqgNum=7/

Empirical Quicksort Runtimes

Forn = 1000 items and 10,000 randomized trials:
* Mean comparisons to complete Quicksort: ~2n Inn~13,800

 Standard deviation: /(21 — 2n4)/3n ~0.65n

Lots of arrays take 12,000ish compares to
sort with Quicksort.

A very small number take 15,000ish

compares to sort with Quicksort.
| | ' “"" Chance of taking 1,000,000ish
l’l-- — -.-.-_“v e

=) compares is effectively zero.
11.000 | 2.000 13.000 14.000 [ 5.000 16.000



http://www.informit.com/articles/article.aspx?p=2017754&seqNum=7
http://www.informit.com/articles/article.aspx?p=2017754&seqNum=7
http://www.informit.com/articles/article.aspx?p=2017754&seqNum=7
http://www.informit.com/articles/article.aspx?p=2017754&seqNum=7

Things to remember about Quicksort

* ~39% more compares than mergesort

* Fasterin practice because it does not move data much (no need to copy the array!)

 O(nlogn) average, 0(n?) worst

* In-place sorting. Q: Why would stability be important for objects but not primitives?

* Not stable. (We swap!)

* It’s mainly about choosing a smart pivot.
* We justtook the leftmost element
* Tony Hoare’s algorithm actually uses 2 pointers that walk towards each other

* The modern Quicksort used in practice in Java to sort arrays of primitives uses 2 pivot points instead
(Yaroslavskiy, Bentley, and Bloch, 2009)

* Java uses lTimsort (modified Mergesort) to sort arrays of objects, because of stability



Philosophies to avoid worst case Quicksorts

1. Randomness: pick a random pivot instead of the leftmost pivot or shuffle
your data

| . calculate or approximate the median to serve as the
pivot

3. Stoprecursion early: use insertion sort on the subarray if

* the array size gets small or
* recursion gets too deep

4. Analyze the array: see if Quicksort will be slow

* This doesn’t really work in practice.

* You can’tjust check if an array is sorted, because “almost” sorted arrays (e.g., [1, 2, 3,
... 99, 98, 100]) are also basically 0(n“) time, and there’s no obvious way to see if an

array is “almost” sorted



Sorting: the story so far

Algorithm In place Stable Best Average Worst Memory Remarks
Selection X Q(n?) deterministic 0(n?) 0(1) n exchanges
: L 5 Fastest if almost sorted or
Insertion X X Q(n) deterministic O(n*) (1) small
. Guaranteed performance;
Merge X (A(nlogn) deterministic O (nlogn) O(n) stable
nlog n probabilistic
Quicksort X Q(nlogn) O(nlogn) 0(n%) 0(n) guarantee; often fastest in
(call stack) practice




Code walkthrough with debugger

--

- -
- - - - T is a single element, so no sorting needed!

N

e B
\_




Lecture 12 wrap-up

* Lots of sorting!

* Quizin lab will be about sorting.

* Labis about timing sorting algorithms.
* HW5S is due tonight

* HWG6: OnDisk sort was released

Resources
* Reading from textbook: Chapter 2.3 (pages 288-296)

* Quicksortvideo: https://www.youtube.com/watch?v=Hoixgm4-P4M

* Online textbook website - https://algs4.cs.princeton.edu/23quicksort/ (note we have a different
Implementation)

* Practice problem behind this slide


https://www.youtube.com/watch?v=Hoixgm4-P4M
https://www.youtube.com/watch?v=Hoixgm4-P4M
https://www.youtube.com/watch?v=Hoixgm4-P4M
https://algs4.cs.princeton.edu/23quicksort/

Practice Problem 1

* What would the resulting array for the first call to partition be for
the following array if instead the pivot was the rightmost element:

[E,AS)Y,QUE,S,T,I,O,NJ.



Answer 1

* What would the resulting array for the first call to partition be for
the following array if instead the pivot was the rightmost element:

[E,A,S)Y,Q,U,E,S,T,I,0,N].
[E,A,E,I,N,U,S, S, T, Y, O, Q] and pivot: at index 4.
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