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TODAY'S LECTURE IN A NUTSHELL
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» Logarithms

» Summations

» Simple Loops

» Nested Independent Loops
» Nested Dependent Loops
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LOGARITHMS

A refresher

» a’=c— b =1log,c

» log,a =1
» log,1 =0
X

v

loga — = loga A= loga y
y

v

log,(x X'y) = log, x + log, y

v

log, x¥ =y Xlog, x

log, x

log, x =

v

log, a

xlog,y — ylogax

v

%% = x

v

logn!~nlogn
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SUMMATIONS

Summation basics

n

>Zi=1 24+34+...+n

=1

n

) Zc=c+c+...+c=n><c
i=1

> i(c XJi) = Cifi
i=1

=1

. Zn:(fﬁgi) = Zn:fﬁ Zn:gi
i=1 i=1 =1



SUMMATIONS

Useful summations to know

i nn+ 1)
i=1+2+3+...+n=
»2 >
- +1D2n+1
X ﬂ=1+4+9+nnwﬂ=nm ?n )

i=1
n n+l1 _ 1

, Zrizrr_l Jr# 1

i=0

22i=1+2+4+...+2"=2"+1—1
=0



TODAY'S LECTURE IN A NUTSHELL

Lecture 15: Midterm Review

» Logarithms

» Summations

» Simple Loops

» Nested Independent Loops
» Nested Dependent Loops

» Practice Time



SIMPLE LOOPS
Example 1

» for (int 1 =5; 1 <n+ 3; 1 += 2){
doSomething();
}

(n+3-5) n-2

, Called times~0(n)



SIMPLE LOOPS

Example 2

» for (int 1 =1; 1 < n; 1*= 2){
doSomething();
}

» Called logn times~O(log n)



SIMPLE LOOPS

Example 3

» for (1int 1 =5; 1 <n + 3; 1 *= 3){

doSomething();
h
» Will call it till 5 x 3" > n + 3. Solving for i we get
n+3

| = log, s ~O(log n)
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SIMPLE LOOPS

Example 4

» for (int 1 = 1; 1 < n*n*n*n; 1 *= 3){
doSomething();
}

» Called log; n* = 4log, n times~O(log n)

11
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NESTED INDEPENDENT LOOPS
Example 1

» for (int 1 =0; 1 < n; 1++)4
for(int j=0; j<50; j++){
doSomething();

¥
¥

» Called 50 X n times~O(n)

13



NESTED INDEPENDENT LOOPS
Example 2

» for (int 1 =5; 1 < n; 1++)14
for(int 3=0; j<n; J+=2){
doSomething();

¥
¥

n 1 . 2
, Called (n —5) X 5 = E(H — 5n) times~0(n”)

14



NESTED INDEPENDENT LOOPS
Example 3

» for (int 1 =0; 1 < n; 1++)4
for(int j=1; j<n; j*=2){

doSomething();

I

for(int j=0; j<n; j++){
doSomething();

I

¥

» Called n X (logn + n) = n? + nlogn times~0(n?)

15
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NESTED DEPENDENT LOOPS 17

- nn+1)

Example 1 Zi=1+2+3+...+n= .

=1

» for (1nt 1 1; 1 <= n; 1++){
for(int j=0; j<=1i; j++){
doSomething();

¥
¥

» When i =1, perform 1 inner loop iteration, when i = 2, perform 2
inner loop operations,..., when i = n, perform n inner loop iterations.

> dOSomethl ng() iscalled1 +2+ 3+ ... + ntimes, thatis

Zl—1+2+3+...+n— ~0(n?)
=1




NESTED DEPENDENT LOOPS 18

n

22i=1+2+4+...+2’”‘=2’”‘+1—1

i=()

Example 2

» for (1int 1 = 1; 1 <= n; 1*=2){
for(int j=1; j<=1; Jj++){

doSomething();
h
h
» Wheni =1, perform 1 inner loop iteration, when i = 2, perform 2 inner
loop operations, when i=4, perform 4 inner loop operations, ..., when i =

n=2"% perform n=2" inner loop iterations. If we write n as a power of 2:

» doSomething() iscalled 1 +2+4+ ... +n=2"+21 4+ ... + 2% times,
logn

that is Z ok — plogntl _ 1 — 9w ologn _ | — 25 — 1~O(n)
k=1



NESTED DEPENDENT LOOPS 19

log (x Xy) =log x4+ log vy

Example 3

» for (int 1 = 1; 1 <= n; i++){
for(int j=1; j<1; J*=2){
doSomething();

¥
¥

» Wheni=1, performlog 1 inner loop iteration, when i = 2, perform log 2

inner loop operations,..., when i=n perform log n inner loop operations.

» doSomething() is called

logl +1log2+...+logn=1og(l X2X...Xn)=1logn!times
~0O(nlogn)




NESTED DEPENDENT LOOPS

Example 4: The infamous 3-sum brute force algorithm

» for (int 1 = 0; 1 < n; 1++){
for(int j=i+1; j<n; j++){
for(int k=j+1; k<n; k++){

doSomething()
3
3
3
n n n 1
X Called Z Z Z I = gn(n2 — 3n + 2) times ~O(n?).
i=1 j=i+1 k=j+1

» How? https://www.wolframalpha.com/input/?i=%28sum+
%28sum+sum%281+k%3Dj%2B1+t0+n%29+]%3Di%2B1+to+n%29+
+1%3D1+t0+n%29 Not expected to figure out something that complicated by
hand. You could approximate summations as integrals.

20


https://www.wolframalpha.com/input/?i=%28sum+%28sum+sum%281+k%3Dj%2B1+to+n%29+j%3Di%2B1+to+n%29++i%3D1+to+n%29
https://www.wolframalpha.com/input/?i=%28sum+%28sum+sum%281+k%3Dj%2B1+to+n%29+j%3Di%2B1+to+n%29++i%3D1+to+n%29
https://www.wolframalpha.com/input/?i=%28sum+%28sum+sum%281+k%3Dj%2B1+to+n%29+j%3Di%2B1+to+n%29++i%3D1+to+n%29
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PRACTICE TIME

Example 1

» for (int 1 =n; 1 > 0; 1/= 2){
doSomething();
¥

22



PRACTICE TIME

Example 1 - Answer

» for (int 1 =n; 1 > 0; 1/= 2){
doSomething();
}

» Called logn times~O(log n)
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PRACTICE TIME

Example 2

» for (int 1 = 10; 1 < n+5; 1*=3){
doSomething();
}

24



PRACTICE TIME

Example 2 - Answer

» for (int 1 = 10; 1 < n+5; 1*=3){

doSomething();
h
» Will call it till 10 X 3! > n + 5. Solving for i we get
n+3

| = log, 0 ~O(log n)

25



PRACTICE TIME
Example 3

» for (int 1 = 10; 1 < n; 1++){
for(int 3=0; j<n; j+=2){
doSomething();
¥

26



PRACTICE TIME
Example 3 - Answer

» for (int 1 = 10; 1 < n; 1++){
for(int 3=0; j<n; J+=2){
doSomething();

¥
¥

n 1 . 2
y Called (n — 10) X > = E(n — 10n) times~0(n*)

27



PRACTICE TIME
Example 4

» for (int 1 =1; 1 <= n*n-10; 1++)1{
for(int j=1; j<=1; J++){
doSomething();
¥

28



PRACTICE TIME 29

n

- n(n+1)

Example 4 - Answer Zi=1+2+3+“'+”— 5

=1

» for (int 1 = 1; 1 <= n*n-10; 1++){
for(int j=1; j<=1; J++){
doSomething();
¥

¥

» Wheni =1, perform 1 inner loop iteration, when i = 2, perform 2 inner
loop operations, ..., when i = n*n-10, perform n*n-10 inner loop iterations.

» doSomething() iscalled 1 +2+ 3+ ... + (n*> — 10) times, that is

”2201, (0= 10) X ((n* = 10) + 1)
=1

> ~0(n™



PRACTICE TIME
Example 5

» for (int 1 =1; 1 <= n; 1++){
for(int j=1; j<=1; Jj++){
for(int k=1; k<=1; k++){
doSomething();
}

30



PRACTICE TIME 31

- n(n+ D(2Zn+1)

D )
Example 5 - Answe Zl =1+4+9+...+n

=1

6

» for (int 1 =1; 1 <= n; 1++){
for(int J=1; j<=1; J++){
for(int k=1; k<=1; k++){
doSomething();
ks

¥

» When i =1, perform 1x1 inner loop iteration, when i = 2, perform 2x2 inner
loop operations, ..., when i = n, perform nxn inner loop iterations.

» doSomething() iscalled 1 +4+4+9+ ...+ nxn=12+2°4+3+ ... +n?

S + 1DH2n + 1
times, that is Z i? = Ll )6( " )~0(n3)
i=1
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