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We are reaching the end of the course unit on Mathematical Foundations.



Programs so far

» Contain control flow and iteration.

» We will see a new way of solving problems using recursion.

The programs you have written so far have probably contained control flow
(if/else statements) and iteration in the form of for and while loops. Today, we
will see a new way of solving problems using recursion.




Practice time

» The factorial of a non-negative integer n, denoted as n! = 1x2x3x---(n — 1)Xn

» For example, 5! = 1x2x3%x4x5 = 120.

» Write a function called factorial that takes a number as its single parameter and
returns the factorial of that number.

Let's say you are being tasked with writing a Python function that calculates
the factorial of a given number. The factorial of a non-negative integer n,
denoted as n!, is the product of all positive integers less than or equal to n. For
example, 5! (5 factorial) is 1x2x3x4x5 = 120. the following question. By
convention, 0! is defined as 1.

Can you work with the folks around you to write a function called factorial
that takes a number as its single parameter and returns the factorial of that
number.




Answer

def factorial_iterative(n):
num = 1
for i in range(2, n + 1):
hum *= 1 # same as num = num * i
return num
def factorial_iterative2(n):
num = 1
for i in range(n):
num *= (i + 1) # same as num = num * (i+1)

return num

You probably went for one of these two options: starting at 1 and a loop from 2
up to n and multiplying the numbers. Or starting at 1 and multiplying with the
next integer. Be careful with the arguments you pass to range




Recursion

« A recursive function is defined with respect to itself:

+ The function calls itself.

 The recursive call should be on a "smaller" version of the problem.
+ Can we write the factorial function recursively?

« key idea: try and break down the problem into some computation, plus a smaller
subproblem that looks similar.

e 51 =5x%x4x3%x2x1
« 5! =5x4!
» How does this translate to Python code?

There is a third way we could write this function and it is by using recursion. A
recursive function is defined with respect to itself: somewhere inside the
function, the function calls itself, just like any other function call.

The recursive call should be on a "smaller" version of the problem. Can we write

the factorial function recursively? The key idea is to break down the
problem into some computation, plus a smaller
subproblem that looks similar.

We can see that we could break 5! As 5*4!.




A first try at a recursive factorial function

def factorial(n):
return n * factorial(n - 1)
« What happens if we call factorial(5)?
> S5*factorial(4)
> 4*factorial(3)
> 3*factorial(2)
> 2*factorial(l)
> 1*factorial(@)
> @*factorial(-1)
> ...
« At some point we need to stop. this is called the base case for recursion. When?
* Whenn == 1

A logical step would be to try writing the function factorial(n) by returning

n*factorial(n-1). The problem is that our code would never terminate because we
would keep calling factorial to even instances that don’t make sense (-1, -2, etc).

We need to stop at what is called the base case of the recursion, in our case,
when n==1. Try to update the function to reflect this change



A recursive factorial function

def factorial(n):
# check the base case
if n == 1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

We will start exactly with this check and return 1 when we hit the base case.
Otherwise, we can recursively call this function to n-1.




A recursive factorial function

def factorial(n):
# check the base case
if n == 1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

What happens in the call stack when we call factorial(5)?

What happens in the call stack when we call factorial(5)?




A recursive factorial function

def factorial(n):
# check the base case
if n==
return 1
else:
# the recursive case

return n * factorial(n - 1)

> factorial(5)

The first stack frame for factorial(5) is added

factorial(5)




A recursive factorial function

def factorial(n):
# check the base case
if n==
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» S5*factorial(4)

n=5
factorial(5)
return 5 * factorial(4)

nis substituded with 5 and the function has to return 5*factorial(4) which leads
to factorial(4) being called
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A recursive factorial function

def factorial(n):
# check the base case
if n==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

N . factorial(4)
factorial(s )
g a; %r’;‘}%cgco)rial(@ return 4 * factorial(3)
> 4*factorial(3)
n=5
factorial(5)

return 5 * factorial(4)

factorial(4) needs to call factorial(3) which adds a new stack frame

11



A recursive factorial function

def factorial(n):

# check the base case

if n==1:

return 1 n=3
else: factorial(3)

# the recursive case return 3 * factorial(2)

return n * factorial(n - 1)

> factorial(5)

> S*factorial(4) factorial(4)
> 4*factorial(3) return 4 * factorial(3)
> 3*factorial(2)

n=5

factorial(5)
return 5 * factorial(4)

factorial(3) calls factorial(2)

12



A recursive factorial function

def factorial(n):
# check the base case
if n==1:
return 1
else:
# the recursive case
return n * factorial(n - 1)
> factorial(5)
» S5*factorial(4)
> 4*factorial(3)

» 3*factorial(2)
> 2*factorial(l)

n=2

factorial(2)
return 2 * factorial(l)

n=3
factorial(3)
return 3 * factorial(2)

n=4

factorial(4)
return 4 * factorial(3)

n=5
factorial(5)
return 5 * factorial(4)

factorial(2) calls factorial(1) and our call stack keeps growing with each stake

frame being pushed
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n=1

factorial(l)
- . - 1
A recursive factorial function return
def factorial(n): ) n=2
4 check the b factorial(2)
checi the base case return 2 * factorial(l)
if n = 1:
return 1 n=3
else: factorial(3) .
# the recursive case return 3 * factorial(2)
return n * factorial(n - 1)
n=4
> factorial(5) factorial(4)
> S*Factor'wl(ﬁ}) 2, .
> 4*factorial(3) return 4 * factorial(3)
> 3*factorial(2)
> 2*factorial(l)
> 1 n=5
factorial(5)

return 5 * factorial(4)

Our latest stack frame has been added for factorial(1) which at last gives us back
1!
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A recursive factorial function

def factorial(n):
# check the base case
if n=1:
return 1
else:
# the recursive case
return n * factorial(n - 1)
» factorial(5)
» S5*factorial(4)
> 4*factorial(3)
» 3*factorial(2)
» 2*factorial(l)

> 1
> 2*%1 =2

|
N

n=

factorial(2)
return 2 * 1 = 2

n=3
factorial(3)
return 3 * factorial(2)

n=4

factorial(4)
return 4 * factorial(3)

n=5
factorial(5)
return 5 * factorial(4)

This results in the top of the stack being popped and factorial(2) returning2*1=2
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A recursive factorial function

def factorial(n):
# check the base case
if n==1:
return 1
else:

# the recursive case

return n * factorial(n - 1)

» factorial(5)

» S5*factorial(4)

> 4*factorial(3)
» 3*factorial(2)

» 2*factorial(l)

> 1
> 2*1 =2
*2=

> 3 6

factorial(3)
return 3 * 2 = 6

factorial(4)

return 4 * factorial(3)

n=5

factorial(5)
return 5 * factorial(4)

This results in the new top of the stack being popped and factorial(3)

returning3*2=6
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A recursive factorial function

def factorial(n):
# check the base case
if n==1:
return 1
else:
# the recursive case
return n * factorial(n - 1)
» factorial(5)
» S5*factorial(4)
> 4*factorial(3)

» 3*factorial(2)
» 2*factorial(l)

> 1
> 2*%1 =2
> 3*%2 =06
> 4% = 24

This results in the new top of the stack being popped and factorial(4) returning

4%6=24

factorial(4)
return 4 * 6 = 24

n=5

factorial(5)
return 5 * factorial(4)
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A recursive factorial function

def factorial(n):
# check the base case
if n==1:
return 1
else:
# the recursive case
return n * factorial(n - 1)
» factorial(5)
» S5*factorial(4)
> 4*factorial(3)
» 3*factorial(2)

> 2*factorial(l)
> 1

» 2¥1 =2
» 3*%2 =06
> 4*%6 = 24
» 5%24 = 120

n=5

factorial(5)
return 5 * 24 = 120

This results in the new top of the stack being popped and factorial(5) returning

5*24=120
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A recursive factorial function

def factorial(n):
# check the base case
if n==1:
return 1
else:
# the recursive case
return n * factorial(n - 1)
» factorial(5)
» S5*factorial(4)
> 4*factorial(3)

» 3*factorial(2)
» 2*factorial(l)

> 1
» 2¥1 =2
» 3*%2 =06
> 4*%6 = 24
» 5%24 = 120

» 120

Ultimately, there is nothing left in the stack and the function terminates returning

to whomever called it 120.

19



Writing recursive functions

—

Define what the function the name and parameters of the function are.
Define the recursive case

Define the base case

Eal S A

Put it all together

20

To write our recursive functions we will follow four basic steps. 1) we will start by
defining the header of the function, that is writing its name and parameters. 2)
We will proceed with defining the recursive case. Most of the times, it will be
enough to pretend that we have a working version of the function, but the
function works only on smaller versions of our problem. (When | say smaller
versions, | mean smaller numbers, shorter strings, shorter, lists, etc). You might
also want to try writing things in plain English or even thinking in mathematical
terms. 3) We then proceed with defining our base case which is the
smallest/simplest problem. Putting it all together, we start by checking the base
case where we return or do something for the recursive case. For the recursive
case (thatis, when the base case is not true), we calculate the problem using the
recursive definition and return the answer.

20



Recursion is similar to induction

+ Proof by principle of induction:
« 1. show something works for P(0) (base case).
+ 2. create an induction hypothesis P(n) for some arbitrary n
« 3. show it will work for P(n + 1) (recursive case)
* 4. therefore, it must work for every n.

Recursion might sound familiar to induction if you have taken a proof-based
course. In induction you would show something works the first time (this is your
base case), you assume that it works for some time, and show that it will work for
the next time (recursive case), therefore it must work for all times.

21



Practice time

» Write a recursive function called rec_sum that takes a positive number as a parameter
and calculates the sum of the numbers from O up to and including that provided number.

* Remember the steps:

—

Define what the function the name and parameters of the function are.
Define the recursive case

Define the base case

El S A

Put it all together

22

Over the next slides, we will follow the same recipe. | will provide you with
problems that you will solve writing recursive functions for, following the four
steps we just saw. Our first problem asks us to write a recursive function that
takes a positive number and calculates the sum of numbers from 0 up to and
including that number.

22



Answer

Define what the function the name and parameters of the function are.

« def rec_sum(n)

Define the recursive case
* rec_sum(n) = n + rec_sum(n-1)
* i.e. the sum of the numbers 1 through n, is n plus the sum of the numbers 1 through n-1

3. Define the base case

* in each case, the number is getting smaller. What’s the smallest number we would ever want to have the
sum of?
+ 0. What's the answer when it's 0? O!

4. Putit all together

23
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Answer

def rec_sum(n):
if n ==
return 0
else:

return n + rec_sum(n-1)

24
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Answer

def rec_sum(n):
if n =
return 0
else:

return n + rec_sum(n-1)

> rec_sum(3)

rec_sum(3)

What happens in the call stack when we call rec_sum(3)?

25
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Answer

def rec_sum(n):
if n ==
return 0
else:
return n + rec_sum(n-1)

> rec_sum(3)
» 3 + rec_sum(2)

rec_sum(3) n=3

return 3 + rec_sum(2)

26
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Answer

def rec_sum(n):
if n =
return 0
else:
return n +
> rec_sum(3)

> 3 + rec_sum(2)
> 2 + rec_sum(1l)

rec_sum(n-1)

n=2

rec_sum(2)

return 2 + rec_sum(l)

n=3

rec_sum(3)

return 3 + rec_sum(2)

27



Answer

def rec_sum(n):
if n =
return 0
else:
return n + rec_sum(n-1)
> rec_sum(3)
» 3 + rec_sum(2)

> 2 + rec_sum(1l)
> 1 + rec_sum(@)

n=1
rec_sum(1)

return 1 + rec_sum(@)

rec_sum(2) n=2

return 2 + rec_sum(l)

rec_sum(3) n=3

return 3 + rec_sum(2)

28
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Answer

def rec_sum(n):
if n ==
return 0
else:
return n + rec_sum(n-1)
> rec_sum(3)
> 3 + rec_sum(2)
> 2 + rec_sum(1l)

> 1 + rec_sum(@)
> 0

n

rec_sum(@)

n=1
rec_sum(1)

return 1 + rec_sum(@)

rec_sum(2) n=2

return 2 + rec_sum(l)

rec_sum(3) n=3

return 3 + rec_sum(2)

29
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Answer

def rec_sum(n):
if n =
return 0
else:

return n + rec_sum(n-1)

> rec_sum(3)
> 3 + rec_sum(2)
> 2 + rec_sum(1l)
> 1 + rec_sum(@)
> 0
> 1+0=1

n=1
rec_sum(1)

return 1 + 0 = 1

rec_sum(2) n=2

return 2 + rec_sum(l)

rec_sum(3) n=3

return 3 + rec_sum(2)

30
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Answer

def rec_sum(n):
if n ==
return 0

else:

return n + rec_sum(n-1)

> rec_sum(3)
» 3 + rec_sum(2)
» 2 + rec_sum(1)
» 1 + rec_sum(@)
> 0

0=1

> 1
+1=3

o+

> 2

rec_sum(2) n=2

return 2 + 1 = 3

rec_sum(3) n=3

return 3 + rec_sum(2)
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Answer

def rec_sum(n):
if n =
return 0
else:
return n + rec_sum(n-1)
> rec_sum(3)
» 3 + rec_sum(2)

> 2 + rec_sum(1l)
> 1 + rec_sum(@)
>

=1

Woe o

+

I+ Vv

1
1
6

rec_sum(3)

return 3 + 3 =6

32
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Answer

def rec_sum(n):
if n ==
return 0

else:

return n + rec_sum(n-1)

> rec_sum(3)
> 3 + rec_sum(2)
> 2 + rec_sum(1l)
> 1 + rec_sum(@)
>

Woe o

+0=1

I+ Vv

1
> 2+ 1
» 3+3=6
> 6

It.

Ultimately, the call stack is empty and rec_sum(3) returns 6 to whomever called

33
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Practice time

» Write a recursive function called reverse that takes a string as a parameter and
reverses the string.

* Remember the steps for writing a recursive function:

1. Define what the function the name and parameters of the function are.
2. Define the recursive case

3. Define the base case

4. Put it all together

34

Your next practice problem is to write a function that reverses a string recursively.

34



1.

Answer

Define what the function the name and parameters of the function are.
« def reverse(st)

2. Define the recursive case

« Pretend like we have a function called reverse that we can use but only on smaller strings
 Toreverse a string:

« remove the first character,

* reverse the remaining characters,

+ put that first character at the end
 The recursive relationship is:

» reverse(st) = reverse(st[1:]) + st[@]

35
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Answer

3. Define the base case
« in each case, the string is getting shorter.
« Eventually, it will be an empty string.
« 4. Put it all together
def reverse(st):
if st = "":
return ''
else:
return reverse(st[1:]) + st[Q]

Could have also worked the other direction,
return st[-1] + reverse(st[:-1])

36
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Answer

def reverse(st):
if st == "":
return "'

else:

return reverse(st[1:]) + st[0]

> reverse('cs51")

reverse('cs51")

What happens in the call stack when we call reverse('cs51')?

37
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Answer

def reverse(st):
if st = "":
return "'

else:

return reverse(st[1:]) + st[0]

> reverse('cs51")
> reverse('s51') + 'c'

st="cs51'
reverse('cs51")

return reverse('s51') + 'c'

38
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Answer

def reverse(st):
if st == "":
return "'

else:

return reverse(st[1:]) + st[0]

> reverse('cs51")
> reverse('s51') + 'c'
> reverse('51') + 's'

reverse('s51")

return reverse('51') + 's'

st="cs51'
reverse('cs51")

return reverse('s51') + 'c'

39
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Answer

def reverse(st):
if st == "":

return

else:

return reverse(st[1:]) + st[0]

> reverse('cs51")
> reverse('s51') + 'c'
> reverse('51') + 's'

> reverse('1l') + 'S5

st="51"
reverse('51")
return reverse('l') + '5'

reverse('s51")

return reverse('51') + 's'

reverse('cs51")

return reverse('s51') + 'c'

40
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Answer

def reverse(st):

if st="":

[}

return
else:

return reverse(st[1:]) + st[0]

> reverse('cs51")
> reverse('s51') + 'c'
> reverse('51') + 's'
> reverse('1') + '5'

> reverse('') + '1

st="1"'

reverse('1l")
return reverse('') + '1'

st="51"
reverse('51")

return reverse('l') + '5'
return reverse('51') + 's'

return reverse('s51') + 'c'

reverse('s51")

reverse('cs51")

41
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Answer

def reverse(st):
if st = "":

return "'
else:

return reverse(st[1:]) + st[0]

> reverse('cs51")

> reverse('s51') + 'c'
> reverse('51') + 's'
> reverse('1') + '5'

> reverse('') + '1
s T

st=l \J
reverse('")

return

reverse('1l")

return reverse('') + '1'

reverse('51")

return reverse('l') + '5'

reverse('s51")

return reverse('51') + 's'

reverse('cs51")

return reverse('s51') + 'c'

42
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Answer

def reverse(st):
if st = "":

return "'
else:

return reverse(st[1:]) + st[0]

> reverse('cs51")

> reverse('s51') + 'c'
> reverse('51') + 's'
> reverse('1') + '5'

> reverse('') + '1
s T

reverse('1l")

return '' + '1' = '1'

reverse('51")

return reverse('l') + '5'

reverse('s51")

return reverse('51') + 's'

reverse('cs51")

return reverse('s51') + 'c'

43
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Answer

def reverse(st):
if st="":

return

else:

return reverse(st[1:]) + st[0]

> reverse('cs51")

> reverse('s51') + 'c'

> reverse('51")

+'s'

> reverse('1') + '5'

> reverse('') + '1

» v

' +

> '1' 4 '5' —

1=
115"

"

return '1' + '5' = "15"'

return reverse('51') + 's'

reverse('cs51")

return reverse('s51') + 'c'

reverse('51")

reverse('s51")

44
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Answer

def reverse(st):

if st="":

[}

return
else:

return reverse(st[1:]) +

> reverse('cs51")
> reverse('s51') + 'c'
> reverse('51') + 's'
> reverse('1') + '5'
> reverse('') + '1'
s T
A PR
> 1" 4 '5' Z 15
> '15" + 's' = "15s'

st[0]

reverse('s51")

return '15' + 's' = '15s’

reverse('cs51")

return reverse('s51') + 'c'

45
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Answer

def reverse(st):

if st == "":

[}

return
else:

return reverse(st[1:]) + st[0]

> reverse('cs51")
> reverse('s51') + 'c'
> reverse('51') + 's'
> reverse('1') + '5'
> reverse('') + '1'
s T
A PR
> '1' +'5' = "15'
> '15" + 's' = "15s'
> '15s' + 'c' = '15sc’

reverse('cs51")

return '15s' + 'c' = "15sc’

46

46



>

>

Answer

def reverse(st):

if st == "":

[}

return
else:

return reverse(st[1:]) + st[0]

reverse('cs51")
> reverse('s51') + 'c'
> reverse('51') + 's'
> reverse('1') + '5'
> reverse('') + '1'
s T
A PR
> '1' +'5' = "15'
> '15" + 's' = "15s'
> '15s' + 'c' = '15sc’
'15sc’

47
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Practice time

- Write a recursive function rec_binary that takes a positive number in decimal form and
returns the string representation of its binary form (unsigned).

« For example, rec_binary(13) should return the string 1101’

Remember the steps:

—_

Define what the function the name and parameters of the function are.
Define the recursive case

Define the base case

A 0D

Put it all together

48
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1.

Answer

Define what the function the name and parameters of the function are.
 def rec_binary(n)

2. Define the recursive case

« rec_binary(n) = rec_binary(n//2) + str(n%2)
3. Define the base case
« if n == 0, then the string would be '0'
« if n ==1, then the string would be '1'

49
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Answer

* 4. Put it all together

def rec_binary(n):

if n ==
return 'Q'
elif n ==
return '1'

return rec_binary(n // 2) + str(n % 2)

50
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Answer

def rec_binary(n):
if n ==
return 'Q’
elif n ==
return '1'

return rec_binary(n // 2) + str(n % 2)

> rec_binary(5)

rec_binary(5)

What happens in the call stack when we call rec_binary(5)?

51



Answer

def rec_binary(n):
if n ==
return 'Q’
elif n ==
return '1'
return rec_binary(n // 2) + str(n % 2)

> rec_binary(5)
> rec_binary(2) + '1'

n=5

rec_binary(5)
return rec_binary(2) + '1'

52
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Answer

def rec_binary(n):
if n ==
return 'Q’
elif n ==
return '1'

return rec_binary(n // 2) + str(n % 2)

> rec_binary(5)
> rec_binary(2) + '1'

> rec_binary(1l) + '0

n=2

rec_binary(2)
return rec_binary(l) + 'Q'

n=5

rec_binary(5)
return rec_binary(2) + '1'
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Answer

def rec_binary(n):
if n ==
return 'Q’
elif n ==
return '1'

return rec_binary(n // 2) + str(n % 2)

> rec_binary(5)
> rec_binary(2) + '1'
> rec_binary(l) + '0'

> 'l

rec_binary(1)
return '1'

n=2

rec_binary(2)
return rec_binary(l) + 'Q'

n=5

rec_binary(5)
return rec_binary(2) + '1'

54
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Answer

def rec_binary(n):
if n ==
return 'Q’
elif n ==
return '1'

return rec_binary(n // 2) + str(n % 2)

> rec_binary(5)
> rec_binary(2) + '1'
> rec_binary(l) + '0'
> 'l
> "'+ '0" = '10"

n=2

rec_binary(2)
return '1' + '0' = '10'

n=5

rec_binary(5)
return rec_binary(2) + '1'
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Answer

def rec_binary(n):

if n ==
return 'Q'

elif n ==
return '1'

return rec_binary(n // 2) + str(n % 2)

> rec_binary(5)
> rec_binary(2) + '1'
> rec_binary(l) + '0'
> "1’
> "1 4+ 0" = '10" )
> '10' + '1' = '101" rec_binary(5)
return '10' + '1' =




>

>

Answer

def rec_binary(n):

if n ==
return 'Q'

elif n ==
return '1'

return rec_binary(n // 2) + str(n % 2)

rec_binary(5)
> rec_binary(2) + '1'
> rec_binary(l) + '0'
> 'l
> "'+ '0" = '10"
> '10' + '1' = '101'
‘101"
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Practice time

- Write a recursive function called sum_of_digits that takes a number and returns the
sum of its digits.

« For example, sum_of_digits(1234) would return 10.
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Finally, we will write a simple function that calculates the power of two numbers.
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Answer

def sum_of_digits(n):
if n < 10:
return n
else:
return (n % 10) + sum_of_digits(n // 10)
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Answer

def sum_of_digits(n):
if n < 10:
return n
else:

return (n % 10) + sum_of_digits(n // 10)

> sum_of_digits(1234)

sum_of_digits(1234)

What happens in the call stack when we call sum_of_digits(1234)?
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Answer

def sum_of_digits(n):
if n < 10:
return n
else:

return (n % 10) + sum_of_digits(n // 10)

> sum_of_digits(1234)
> 4 + sum_of_digits(123)

sum_of_digits(1234)
return 4 + sum_of_digits(123)
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Answer

def sum_of_digits(n):
if n < 10:
return n
else:

return (n % 10) + sum_of_digits(n // 10)

> sum_of_digits(1234)
> 4 + sum_of_digits(123)
> 3 + sum_of_digits(12)

sum_of_digits(123)
return 3 + sum_of_digits(12)

sum_of_digits(1234)
return 4 + sum_of_digits(123)
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Answer

def sum_of_digits(n):
if n < 10:
return n
else:

return (n % 10) + sum_of_digits(n // 10)

> sum_of_digits(1234)
> 4 + sum_of_digits(123)
> 3 + sum_of_digits(12)
> 2 + sum_of_digits(1)

n=12
sum_of_digits(12)
return 2 + sum_of_digits(l)

sum_of_digits(123)
return 3 + sum_of_digits(12)

sum_of_digits(1234)
return 4 + sum_of_digits(123)
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Answer

def sum_of_digits(n):
if n < 10:
return n

else:

return (n % 10) + sum_of_digits(n // 10)

> sum_of_digits(1234)
> 4 + sum_of_digits(123)
> 3 + sum_of_digits(12)
> 2 + sum_of_digits(1)
> 1

!

N=
sum_of_digits(1)
return 1

n=12
sum_of_digits(12)
return 2 + sum_of_digits(l)

n=123

sum_of_digits(123)
return 3 + sum_of_digits(12)

n=1234

sum_of_digits(1234)
return 4 + sum_of_digits(123)
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Answer

def sum_of_digits(n):
if n < 10:
return n
else:

return (n % 10) + sum_of_digits(n // 10)

> sum_of_digits(1234)
> 4 + sum_of_digits(123)
> 3 + sum_of_digits(12)
> 2 + sum_of_digits(1)
> 1
> 2+1=3

n=12
sum_of_digits(12)
return 2 + 1 = 3

sum_of_digits(123)
return 3 + sum_of_digits(12)

sum_of_digits(1234)
return 4 + sum_of_digits(123)
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Answer

def sum_of_digits(n):
if n < 10:
return n

else:

return (n % 10) + sum_of_digits(n // 10)

sum_of_digits(123)

> sum_of_digits(1234) return 3 + 3 = 6

> 4 + sum_of_digits(123)
> 3 + sum_of_digits(12)
> 2 _of_digits(l —
+ sium of_digits(1) o n=1234
1=3 sum_of_digits(1234)
6 return 4 + sum_of_digits(123)

+ v

> 2
» 3+ 3




Answer

def sum_of_digits(n):
if n < 10:
return n
else:
return (n % 10) + sum_of_digits(n // 10)

> sum_of_digits(1234)
> 4 + sum_of_digits(123)
> 3 + sum_of_digits(12)
> 2 + sum_of_digits(1)
> 1

I+ Vv

1=3
6

+ V
D w
I+ Vv
Buwn

sum_of_digits(1234)
return 4 + 6

10
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Answer

def sum_of_digits(n):
if n < 10:
return n
else:
return (n % 10) + sum_of_digits(n // 10)

> sum_of_digits(1234)
> 4 + sum_of_digits(123)
> 3 + sum_of_digits(12)
> 2 + sum_of_digits(1)
> 1

I+ Vv

1=3
6

+V
I+ Vv
swWnN

D w
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Practice time

» What does this mystery function do?

def rec_mystery(l):

if len(l) == 1:
return 1[0]
else:

m = rec_mystery(1[1:])
if m> 1[0]:

return m
else:

return 1[0]
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What do you think that the rec_mystery function does?
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Answer

 Recursive function
>> rec_mystery(

Work through a small example:
[2, 4, 3, 1D

>> m = rec_mystery([4, 3, 11D

>>Mm =

>> compares 4 and 3 and returns 4

>> compares

rec_mystery([3, 11)
>> m = rec_mystery([1])
> 1

def rec_mystery(l):
if len(l) == 1:
return 1[0]
else:
m = rec_mystery(1[1:])
if m> 1[0]:
return m
else:
return 1[0]

>> compares 3 and 1 and returns 3

2 and 4 and returns 4

* Returns the maximum element in the list!

| have outlined above what happens at the end of each recursive call. It returns
the maximum element in the list.
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