


Programs so far

« Contain control flow and iteration.

« We will see a new way of solving problems using recursion.



Practice time

« The factorial of a non-negative integer n, denotedasn! =1x2x3Xx:-(n—1) Xn

 Forexample, 5! =1x2x3x4x5 = 120.

« Write a function called factorial that takes a number as its single parameter and returns the
factorial of that number.



Answer

def factorial_iterative(n):
num =1
foriinrange(2, n+1):
num *=i #same as num =num * |
return num
def factorial _iterative2(n):
num =1
foriin range(n):
num *=(i + 1) # same as num =num * (i+1)

return num



Recursion

* A recursive function is defined with respect to itself:
« The function calls itself.

« The recursive call should be on a "smaller" version of the problem.

« Can we write the factorial function recursively?

» key idea: try and break down the problem into some computation, plus a smaller
subproblem that looks similar.

e 5!=5%x4x3x2x1
e 5! =5x4!
 How does this translate to Python code?



A first try at a recursive factorial function

def factorial(n):
return n * factorial(n - 1)

« What happens if we call factorial(5)?

> 5*factorial(4)

> 4*factorial(3)

> 3*factorial(2)
> 2*factorial(1)
> 1*factorial(0)
> 0*factorial(-1)
> ...

« At some point we need to stop. this is called the base case for recursion. When?

« Whenn==1.



A recursive factorial function

def factorial(n):

# check the base case

ifn==1:
return 1
else:

# the recursive case

return n * factorial(n - 1)



A recursive factorial function

def factorial(n):

# check the base case

ifn==1:
return 1
else:

# the recursive case

return n * factorial(n - 1)

What happens in the call stack when we call factorial(5)?



A recursive factorial function

def factorial(n):

# check the base case

ifn==1:
return 1
else:

# the recursive case

return n * factorial(n - 1)

> factorial(5)

factorial(5)



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» 5*factorial(4)

factorial(5)
return 5 * factorial(4)

n=5

10



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» 5*factorial(4)
» 4*factorial(3)

factorial(4)
return 4 * factorial(3)

factorial(5)
return 5 * factorial(4)

n=4

n=5

1



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» 5*factorial(4)
» 4*factorial(3)
» 3*factorial(2)

factorial(3)
return 3 * factorial(2)

factorial(4)
return 4 * factorial(3)

factorial(5)
return 5 * factorial(4)

n=3

n=4

n=5
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A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case
return n * factorial(n - 1)
» factorial(5)
» 5*factorial(4)
» 4*factorial(3)

» 3*factorial(2)
» 2*factorial(1)

factorial(2)
return 2 * factorial(1)

factorial(3)
return 3 * factorial(2)

factorial(4)
return 4 * factorial(3)

factorial(5)
return 5 * factorial(4)

n=2

n=3

n=4

n=5

13



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)

» 5*factorial(4)
» 4*factorial(3)
» 3*factorial(2)
» 2*factorial(1)
> 1

factorial(1)
return 1

factorial(2)
return 2 * factorial(1)

factorial(3)
return 3 * factorial(2)

factorial(4)
return 4 * factorial(3)

factorial(5)
return 5 * factorial(4)

I
=

n

n=2

n=3

n=4

n=5

14



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» 5*factorial(4)
» 4*factorial(3)
» 3*factorial(2)
» 2*factorial(1)
> 1
> 2*¥1=2

factorial(2)
return2*1 =2

factorial(3)
return 3 * factorial(2)

factorial(4)
return 4 * factorial(3)

factorial(5)
return 5 * factorial(4)

n=2

n=3

n=4

n=5

15



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» 5*factorial(4)
» 4*factorial(3)
» 3*factorial(2)
» 2*factorial(1)
> 1
> 2*¥1=2
> 3*2=6

factorial(3)
return3*2=6

factorial(4)
return 4 * factorial(3)

factorial(5)
return 5 * factorial(4)

n=3

n=4

n=5

16



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» 5*factorial(4)
» 4*factorial(3)
» 3*factorial(2)
» 2*factorial(1)
> 1
> 2*¥1=2
> 3*2=6
> 4*6=24

factorial(4)
return4 * 6 =24

factorial(5)
return 5 * factorial(4)

n=4

n=5

17



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» 5*factorial(4)
» 4*factorial(3)
» 3*factorial(2)
» 2*factorial(1)
> 1
> 2*¥1=2
» 3*%2=6
> 4*6=24
» 5%24=120

factorial(5)
return 5 * 24 =120

n=5

18



A recursive factorial function

def factorial(n):
# check the base case
ifn==1:
return 1
else:
# the recursive case

return n * factorial(n - 1)

» factorial(5)
» 5*factorial(4)
» 4*factorial(3)
» 3*factorial(2)
» 2*factorial(1)

> 1
> 2*1=2
> 3*2=6
> 4*6=24
» 5*24=120

» 120

19



—

> W DN

Writing recursive functions

Define what the function the name and parameters of the function are.
Define the recursive case
Define the base case

Put it all together

20



Recursion is similar to induction

* Proof by principle of induction:
« 1. show something works for P(0) (base case).
2. create an induction hypothesis P(n) for some arbitrary n
« 3. show it will work for P(n + 1) (recursive case)
» 4. therefore, it must work for every n.

21



Practice time

« Write a recursive function called rec_sum that takes a positive number as a parameter and
calculates the sum of the numbers from O up to and including that provided number.

 Remember the steps:
1. Define what the function the name and parameters of the function are.
Define the recursive case

Define the base case

> 0 D

Put it all together

22



Answer

Define what the function the name and parameters of the function are.

* defrec_sum(n)

Define the recursive case
* rec_sum(n)=n+rec_sum(n-1)

* i.e.the sum of the numbers 1through n, is n plus the sum of the numbers 1 through n-1

Define the base case

» in each case, the number is getting smaller. What'’s the smallest number we would ever want to have the
sum of?

« 0. What’s the answer when it's 0? Q!

4. Put it all together

23



Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

24



Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

» rec_sum(3)

rec_sum(3)

n=3




Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

» rec_sum(3)
» 3+rec_sum(2)

rec_sum(3)

return 3 + rec_sum(2)

n=3




Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

» rec_sum(3)
» 3+rec_sum(2)
» 2+rec_sum(1)

rec_sum(2)

return 2 + rec_sum(1)

rec_sum(3)

return 3 + rec_sum(2)

Il
N

n

n=3

27



Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

» rec_sum(3)
» 3+rec_sum(2)
» 2+rec_sum(1)
» 1+rec_sum(0)

rec_sum(1)

return 1 + rec_sum(0)

rec_sum(2)

return 2 + rec_sum(1)

rec_sum(3)

return 3 + rec_sum(2)

n=1

Il
N

n

n=3

28



Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

» rec_sum(3)
» 3+rec_sum(2)
» 2+rec_sum(1)
» 1+rec_sum(0)
> 0

rec_sum(0)

rec_sum(1)

return 1 + rec_sum(0)

rec_sum(2)

return 2 + rec_sum(1)

rec_sum(3)

return 3 + rec_sum(2)

n=0

n=1

Il
N

n

n=3




Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

» rec_sum(3)
» 3+rec_sum(2)
» 2+rec_sum(1)
» 1+rec_sum(0)
> 0
> 1+0=1

rec_sum(1)

return1+0=1

rec_sum(2)

return 2 + rec_sum(1)

rec_sum(3)

return 3 + rec_sum(2)

n=1

Il
N

n

n=3

30



Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

» rec_sum(3)
» 3+rec_sum(2)
» 2+rec_sum(1)
» 1+rec_sum(0)
> 0
> 1+0=1
> 2+1=3

rec_sum(2)

return2+1=3

rec_sum(3)

return 3 + rec_sum(2)

Il
N

n

n=3

31
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Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

rec_sum(3)
» 3+rec_sum(2)
» 2+rec_sum(1)
» 1+rec_sum(0)
> 0 rec_sum(3)
> 1+0=1

» 2+1=3
> 3+3=6 return3+3 =6

n=3

32
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Answer

def rec_sum(n):
if n ==0:
return O
else:

return n+ rec_sum(n-1)

rec_sum(3)
» 3+rec_sum(2)
» 2+rec_sum(1)
» 1+rec_sum(0)
> 0
> 1+0=1
> 2+1=3
> 3+3=6
6

33



Practice time

» Write a recursive function called reverse that takes a string as a parameter and reverses
the string.

 Remember the steps for writing a recursive function:
1. Define what the function the name and parameters of the function are.
Define the recursive case

Define the base case

na B A

Put it all together

34



Answer

1.  Define what the function the name and parameters of the function are.

» def reverse(st)

2. Define the recursive case
* Pretend like we have a function called reverse that we can use but only on smaller strings
» To reverse a string:
« remove the first character,
» reverse the remaining characters,
« putthat first character at the end
* The recursive relationship is:

* reverse(st) = reverse(st[1:]) + st[0]

35



Answer

3. Define the base case
* in each case, the string is getting shorter.

« Eventually, it will be an empty string.
« 4, Putit all together
def reverse(st):
if st ==""
return "
else:
return reverse(st[1:]) + st[0]

Could have also worked the other direction,
return st[-1] + reverse(st[:-1])

36



Answer

def reverse(st):
if st==""1
return "'
else:

return reverse(st[1:]) + st[0]

» reverse('cs51')

reverse('cs51')

st='cs51'

37



Answer

def reverse(st):
if st==""1
return "'
else:

return reverse(st[1:]) + st[0]

» reverse('cs51')
» reverse('s51') +'c'

st='cs51'

reverse('cs51')

return reverse('s51') +'c'

38
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Answer

def reverse(st):
if st==""1
return "'
else:

return reverse(st[1:]) + st[0]

reverse('cs51')
» reverse('s51') +'c'
» reverse('51') +'s'

st='s51'

reverse('s51')

return reverse('51') +'s’

st='cs51'

reverse('cs51')

return reverse('s51') +'c'

39
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Answer

def reverse(st):
if st==""1
return "'
else:

return reverse(st[1:]) + st[0]

reverse('cs51')
» reverse('s51') +'c'
» reverse('51') +'s'
» reverse('l')+'5'

st='51'

reverse('51')

return reverse('1l') + '5'

st='s51"

reverse('s51')

return reverse('51') +'s'

st='cs51'

reverse('cs51')

return reverse('s51') + 'c'

40
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Answer

def reverse(st):
if st==""1
return "'
else:

return reverse(st[1:]) + st[0]

reverse('cs51')
» reverse('s51') +'c'
» reverse('51') +'s'
» reverse('l')+'5'
> reverse('')+'1'

st="1"
reverse('1')
return reverse('') + '1'
st='51"'
reverse('51')
return reverse('1l') + '5'
st='s51'
reverse('s51')
return reverse('51') +'s'
st='cs51'

reverse('cs51')

return reverse('s51') + 'c'

41
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Answer

def reverse(st):

if st =="

return "

else:

return reverse(st[1:]) + st[0]

reverse('cs51')

>

reverse('s51') + 'c'

>

reverse('51') +'s'

>

reverse('1l') + '5'
reverse('') +'1'

>

>

st="

reverse(")
return "
st="1"'
reverse('1')
return reverse('') + '1'
st='51"

reverse('51')

return reverse('1l') + '5'

st='s51'

reverse('s51')

return reverse('51') +'s'

st='cs51'

reverse('cs51')

return reverse('s51') +'c

42
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Answer

def reverse(st): reverse('1") st="1"'
if st=="
return" +'1'="1"
return "'
else: st='51"

reverse('51')
return reverse(st[1:]) + st[0]

return reverse('1l') + '5'

o o st="s51"
reverse('cs51') reverse('s51')
» reverse('s51') +'c'
> reverse('51') +'s' cqt 1
> reverse('l') +'5' return reverse('51') +'s
» reverse('')+'1'
" > - st='cs51"
> "+1'=1 reverse('cs51')

return reverse('s51') +'c
43
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Answer

def reverse(st):

if st =="

return "

else:

return reverse(st[1:]) + st[0]

reverse('cs51')
reverse('s51') + 'c'
reverse('51') +'s'

>

>

>

>

reverse('1l') + '5'
> reverse('')+'1'
> n
> "+'1'="1'
1'+'5'="15"

st='51"

reverse('51')

return'1'+ '5'="15'

st='s51'

reverse('s51')

return reverse('51') +'s'

st='cs51'

reverse('cs51')

return reverse('s51') +'c
44
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Answer

def reverse(st):
if st==""1
return "'
else:

return reverse(st[1:]) + st[0]

reverse('cs51')
» reverse('s51') +'c'
» reverse('51') +'s'
» reverse('l')+'5'
> reverse('')+'1'
> n
> "+'1'="1'
> '1'+'5'="15"
» '15'+'s'="15s'

st='s51'

reverse('s51')

return '15'+'s' ='15s'

st='cs51'

reverse('cs51')

return reverse('s51') +'c

45



Answer

def reverse(st):
if st==""1
return "'
else:

return reverse(st[1:]) + st[0]

» reverse('cs51')
» reverse('s51') +'c'
» reverse('51') +'s'
» reverse('l')+'5'
> reverse('')+'1'

> n
> n + lll = I1I

st='cs51'

reverse('cs51')
> lll + 15I = l15l

» '15'+'s' ='15¢'
> '15s'+ 'c' = '15sc’ return '15s' + 'c' = '15sc’



>

>

Answer

def reverse(st):

if st =="

return "

else:

return reverse(st[1:]) + st[0]

reverse('cs51')

>

>
'15sc’

reverse('s51') + 'c'
» reverse('51') +'s'
» reverse('l') +'5'
> reverse('')+'1'
> n
> "+'1'="1'
> '1'+'5'="15"
» '15'+'s'="15s'
'"15s' + '¢' ='15sc’

st='cs51'

47
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Practice time

Write a recursive function rec_binary that takes a positive number in decimal form and
returns the string representation of its binary form (unsigned).

For example, rec_binary(13) should return the string 1101

Remember the steps:
Define what the function the name and parameters of the function are.
Define the recursive case
Define the base case

Put it all together

48



Answer

1. Define what the function the name and parameters of the function are.

» def rec_binary(n)
2. Define the recursive case
* rec_binary(n) = rec_binary(n//2) + str(n%2)

« 3. Define the base case
 if n == 0, then the string would be 'O’
 if n ==1, then the string would be 1’

49



Answer

« 4. Put it all together
def rec_binary(n):
ifn==0:
return 'O’
elifn==1:
return "1’

return rec_binary(n // 2) + str(n % 2)

50



Answer

def rec_binary(n):
ifn==0:
return '0'
elif n == 1:
return '1'

return rec_binary(n // 2) + str(n % 2)

» rec_binary(5)

rec_binary(5)

n=5

51



Answer

def rec_binary(n):
ifn==0:
return '0'
elif n == 1:
return '1'
return rec_binary(n // 2) + str(n % 2)

» rec_binary(5)
» rec_binary(2)+'1'

rec_binary(5)
return rec_binary(2) +'1'

n=5

52



Answer

def rec_binary(n):
ifn==0:
return '0'
elif n == 1:
return '1'
return rec_binary(n // 2) + str(n % 2)
» rec_binary(5)

» rec_binary(2)+'1'
» rec_binary(1) +'0'

rec_binary(2)
return rec_binary(1) +'0'

rec_binary(5)
return rec_binary(2) +'1'

I
N

n

n=5




Answer

def rec_binary(n):

ifn==0:
return '0'

elif n == 1:
return '1'

return rec_binary(n // 2) + str(n % 2)

» rec_binary(5)

» rec_binary(2) +'1'

» rec_binary(1) +'0'
> 1

rec_binary(1)
return '1’'

rec_binary(2)
return rec_binary(1) +'0'

rec_binary(5)
return rec_binary(2) +'1'

n=1

I
N

n

n=5
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Answer

def rec_binary(n):

ifn==0:

return '0'
elif n == 1:

return '1'
return rec_binary(n // 2) + str(n % 2)
rec_binary(5)

» rec_binary(2) +'1'

» rec_binary(1) +'0'

> '
> l1l + IOI - Ilol

rec_binary(2)
return '1'+'0' ="'10'

rec_binary(5)
return rec_binary(2) +'1'

I
N

n

n=5
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Answer

def rec_binary(n):

ifn==0:

return 'O’
elif n==1:

return '1'
return rec_binary(n // 2) + str(n % 2)
rec_binary(5)

» rec_binary(2)+'1'

» rec_binary(1) +'0'
> lll

> l1l + IOI - |10|
> '10'+'1'='101'

rec_binary(5)
return '10'+'1' ='101"

n=5

56
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Answer

def rec_binary(n):
if n==0:
return 'O’
elif n==1:
return '1'
return rec_binary(n // 2) + str(n % 2)
rec_binary(5)
» rec_binary(2)+'1'
» rec_binary(1) +'0'
> "1
> l1l + IOI - Ilol

> '10'+'1'="101'
'101'
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Practice time

« Write a recursive function called sum_of digits that takes a number and returns the sum of
its digits.

« For example, sum_of_digits(1234) would return 10.
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Answer

def sum_of_digits(n):
if n < 10:
return n
else:

return (n % 10) + sum_of digits(n // 10)

59



Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

» sum_of digits(1234)

sum_of digits(1234)

n=1234

60




Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

» sum_of digits(1234)
» 4+ sum_of_digits(123)

n=1234

sum_of digits(1234)
return 4 + sum_of _digits(123)

61




Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

n=123

sum_of digits(123)
> sum_of_digits(1234) return 3 + sum_of digits(12)

» 4+ sum_of_digits(123)
» 3+ sum_of_digits(12)

n=1234

sum_of digits(1234)
return 4 + sum_of _digits(123)
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Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

» sum_of digits(1234)
» 4+ sum_of_digits(123)
» 3+ sum_of_digits(12)
» 2+ sum_of digits(1)

n=12
sum_of digits(12)
return 2 + sum_of_digits(1)
n=123
sum_of digits(123)
return 3 + sum_of digits(12)
n=1234

sum_of digits(1234)
return 4 + sum_of _digits(123)
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Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

» sum_of digits(1234)
» 4+ sum_of_digits(123)
» 3+ sum_of_digits(12)
» 2+ sum_of digits(1)
> 1

n=1
sum_of digits(1)
return 1
n=12
sum_of digits(12)
return 2 + sum_of_digits(1)
n=123
sum_of digits(123)
return 3 + sum_of digits(12)
n=1234

sum_of digits(1234)
return 4 + sum_of _digits(123)
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Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

» sum_of digits(1234)
» 4+ sum_of_digits(123)
» 3+ sum_of_digits(12)
» 2+ sum_of digits(1)
> 1
> 2+1=3

n=12
sum_of digits(12)
return2+1=3
n=123
sum_of digits(123)
return 3 + sum_of digits(12)
n=1234

sum_of digits(1234)
return 4 + sum_of _digits(123)
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Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

» sum_of digits(1234)
» 4+ sum_of_digits(123)
» 3+ sum_of_digits(12)
» 2+ sum_of digits(1)
> 1
> 2+1=3
> 3+3=6

n=123

sum_of digits(123)
return3+3 =6

n=1234

sum_of digits(1234)
return 4 + sum_of _digits(123)
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Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

» sum_of digits(1234)
» 4+ sum_of_digits(123)
» 3+ sum_of_digits(12)
» 2+ sum_of digits(1)
> 1
> 2+1=3
> 3+3=6
> 4+6=10

sum_of digits(1234)
return4+6 =10

n=1234
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Answer

def sum_of_digits(n):
if n< 10:
return n
else:

return (n % 10) + sum_of_digits(n// 10)

sum_of_digits(1234)
» 4+ sum_of_digits(123)
» 3+ sum_of_digits(12)
» 2+ sum_of digits(1)

> 1
> 2+1=3
> 3+3=6
> 4+6=10
10
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Practice time

« What does this mystery function do?

def rec_mystery(l):

if len(l) == 1:
return 1[0]
else:

m = rec_mystery(l[1:])
if m > [0]:

return m
else:

return |[0]
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Answer

* Recursive function. Work through a small example:

>> rec_mystery([2, 4, 3, 1])
>>m = rec_mystery([4, 3, 1])
>>m = rec_mystery([3, 1])
>>m = rec_mystery([1])
>>1
>> compares 3 and 1 and returns 3
>> compares 4 and 3 and returns 4
>> compares 2 and 4 and returns 4

* Returns the maximum element in the list!

def rec_mystery(l):
if len(l) == 1:
return 1[0]
else:
m = rec_mystery(I[1:])
if m > 1[0]:
return m
else:
return [[O]
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