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Questions about the Exercise Set?

• Asymptotics, graphs and NP-hardness.

• I have office hours after this

• Submit next Tuesday in class
• latex or handwritten



Logistics
• http://www.cs.pomona.edu/classe

s/cs181aa/ 

Office hours:
Monday 10:30 – 11:30am
Thursdays 2:40 – 4:00pm
By appointment
If I’m in my office, feel free to knock.

Mentor Sessions: 
- Cole: Monday 8-10pm
- Kartika: Wednesday 6-8pm

http://www.cs.pomona.edu/classes/cs181aa/
http://www.cs.pomona.edu/classes/cs181aa/
http://www.cs.pomona.edu/classes/cs181aa/


Slack

• You should be in it

• If not, come see me or email me

Thank you for filling out the course survey!





Matching med-school students to hospitals

• Goal. Given a set of ranked preferences among hospitals and 
students, design a self-reinforcing admissions process.

• Unstable pair. Hospital ℎ and student 𝑠𝑠 form an unstable pair if 
both:

• ℎ prefers 𝑠𝑠 to one of its admitted students.
• 𝑠𝑠 prefers ℎ to assigned hospital.

• Stable assignment. Assignment with no unstable pairs.
• Self-interest prevents any hospital–student side deal.



Stable matching problem: the input

Input: A set of 𝑛𝑛 hospitals 𝐻𝐻 and a set of 𝑛𝑛 students 𝑆𝑆.
• Each hospital ℎ ∈ 𝐻𝐻 ranks students.
• Each student 𝑠𝑠 ∈ 𝑆𝑆 ranks hospitals. one student per hospital (for now)

From slides on Algorithm Design



Perfect Matchings

Definition: A matching 𝑀𝑀 is a set of pairs (ℎ, 𝑠𝑠) with ℎ ∈ 𝐻𝐻 and 𝑠𝑠 ∈  𝑆𝑆 such that:
• Each hospital ℎ ∈  𝐻𝐻 appears in at most one pair of 𝑀𝑀.
• Each student 𝑠𝑠 ∈  𝑆𝑆 appears in at most one pair of 𝑀𝑀.

Definition: A matching 𝑀𝑀 is perfect if |𝑀𝑀|  =  |𝐻𝐻|  =  |𝑆𝑆|  =  𝑛𝑛.



Instability in matchings

Def. Given perfect matching 𝑀𝑀, hospital ℎ and student 𝑠𝑠 are an unstable pair if:
• ℎ prefers 𝑠𝑠 to matched student.
• 𝑠𝑠 prefers ℎ to matched hospital

Key point. An unstable pair ℎ– 𝑠𝑠 could each improve by joint action.



Stable matching problem

Def. A stable matching is a perfect matching with no unstable pairs.

Stable matching problem. Given the preference lists of 𝑛𝑛 hospitals and 
𝑛𝑛 students, find a stable matching (if one exists).

Questions?



Pop Quiz
Which pair is unstable in the matching { A–X, B–Z, C–Y } ?
 1. A–Y.
 2. B–X.
 3. B–Z.
 4. None of the above.



Pop Quiz
Which pair is unstable in the matching { A–X, B–Z, C–Y } ?
 1. A–Y.

2. B–X.
 3. B–Z.
 4. None of the above.

Notice, an unstable pair is not currently matched



Stable roommates

Problem: Do stable matchings always exist?
Answer: Not so obvious . . .

Stable roommate problem:
• 2𝑛𝑛 people; each person ranks others from 1 to 2𝑛𝑛 –  1.
• Assign roommate pairs so that no unstable pairs exist.



Stable roommates

Question: Do stable roommates always exist?

• Observation: Stable roommates need not exist



Theorem

Stable matching problem: Given 𝑛𝑛 hospitals and 𝑛𝑛 students, and their 
preference lists, find a stable matching if one exists

Theorem [Gale-Shapley 1962]: A stable matching always exists, and it can be 
computed in 𝑂𝑂(𝑛𝑛2) time. 



Activity

1. I will divide you into students and hospitals

2. Consider the preferences on your sheet

3. I will set a timer – try to find a match

Goal: pair with someone as high as you can on your preference list



Gale-Shapley Algorithm

1. Each student proposes a match to their highest ranked hospital.

2. Each hospital tentatively accepts their most preferred student who 
proposed to them.

3. Unmatched students apply to the next highest ranked hospital in their list.

4. Again, each hospital tentatively matches with their most preferred student 
who has proposed

5. Repeat until everyone is matched.



Observations

1. Monotonicity for hospitals: A hospital’s tentative match can 
only get better over time.

2. No re-proposals: Student never return to a hospital they’ve 
already proposed to.

3. Runtime: Point number 2 implies that the process ends after at 
most _______ proposals. 

       



Is this a stable matching?

• Take any student 𝑠𝑠 and hospital ℎ who are not matched to each other. 
• We want to argue that they don’t prefer one another to their partners

Key question: did 𝑠𝑠 ever propose to ℎ?

- If not, then 𝑠𝑠 must have been matched earlier in their preference list.
- If so, then ℎ must have either rejected 𝑠𝑠, or later found someone 

better to replace 𝑠𝑠.

Either case, not an unstable pair.



Conclusion

Stable matching problem: Given 𝑛𝑛 hospitals and 𝑛𝑛 students, and their 
preference lists, find a stable matching if one exists

Theorem [Gale-Shapley 1962]: A stable matching always exists, and it can be 
computed in 𝑂𝑂(𝑛𝑛2) time. 



Students vs Hospitals

• What if we switch the roles of hospitals and students?
• Hospitals propose in each round.

• Does this still always yield a stable matching? Which is preferred?

- If students propose, the stable matching is student-optimal. They get the 
best hospital possible in any stable matching.

- If hospitals propose, the stable matching is hospital-optimal.

Robust to preference falsification. For whom? Why?



Some extensions

• Extension 1. Some agents declare others as unacceptable.
• Extension 2. Some hospitals have more than one position
• Extension 3. Unequal number of positions and students

Def. Matching 𝑀𝑀 is unstable if there is a hospital ℎ and student 𝑠𝑠 such that:
• ℎ and 𝑠𝑠 are acceptable to each other, and
• Either 𝑠𝑠 is unmatched, or 𝑠𝑠 prefers ℎ to assigned hospital; and
• Either ℎ does not have all its places filled, or ℎ prefers 𝑠𝑠 to at least one of its 

assigned students.

Theorem. There exists a stable matching. Simple adaptation of Gale-Shapley.

student
unwilling to work
in Cleveland

≥ 43K med-school 
students, only 31K 
positions



This is really used



A Question for Thought

• What if we have a one-sided matching market? 

• Imagine a collection of 𝑛𝑛 items, where each of 𝑛𝑛 people has 
preferences over these them. However, the items have no 
preferences over people.

• Can you think of an algorithm to allocate items to people in a 
principled way? What properties would we like the allocation to 
satisfy?
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