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David Kauchak
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Administrative

Group sessions

Assignment 1

Recurrence

A function that is defined with respect to itself on
smaller inputs

T(n)=2T(n/2)+n
T(n)y=16T(n/4)+n

T(n)=2T(n-1)+n’

The challenge

Recurrences are often easy to define because
they mimic the structure of the program

But... they do not directly express the
computational cost, i.e. n, n?, ...

We want to remove self-recurrence and find a
more understandable form for the function
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Three approaches

Substitution method: when you have a good
guess of the solution, prove that it's correct

Recursion-tree method: If you don’t have a good
guess, the recursion tree can help. Then solve
with substitution method.

Master method: Provides solutions for
recurrences of the form:

T(n)y=aT(n/b)+ f(n)

Recursion Tree

Guessing the answer can be difficult
T(n)=3T(n/4)+n*
T(n)=T(n/3)+2T(2n/3)+cn

The recursion tree approach
« Draw out the cost of the tree at each level of recursion
o Sum up the cost of the levels of the tree
Find the cost of each level with respect to the depth
Figure out the depth of the tree
Figure out (or bound) the number of leaves
» Verify your answer using the substitution method

5 12
T(n)=3T(n/4)+n’ cost T(n)=3T(n/4)+n* cost
on’ cn’ cn? cn?
T(n/4) T(n/4) T(n/4) [%} (ﬂ (;,] 3/16cn°
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How many leaves?

cn?
/ ‘ \ ‘ How many leaves are there in a complete ternary
(%] (3) (;'] tree of depth d?

{ie) {2z BRG] o) {4z

MR A

(1)

How many leaves are there?

T(n)=3T(n/4)+n’ cost
o ot What is the depth of the tree? |::
/ ‘ \ , At each level, the size of the data is divided by 4
& £ g .
/IN /IN / .
GIEE G G s )0
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dlog4=logn
d d=log,n *
What is the cost at each level? (%J cn’
15 16
T(m) =3T(n/ 4+’

3d _ 310g4n
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Total cost

) =
T(n)=cn’ +imz +(i) cn’ +...+[i] cn® +O3 ")
16 16 16

—en? ‘LG‘ E%) +0(3*")

3 3 !
<C,,zz(,) +O(3"") ; |

.iu 16 o T
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“eig ™ e letx = 3/16
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Total cost 7= (3o +eG™")

Jlozn _ gloes 3losan

— glozinions3
Assignment 0!
_ e

log,3

=n

T(n) :%cnZ +0(n"%)

T(n)=0(n*) *
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Recursion tree

If you went through the exact calculation (like
we just did), you can be done!

Often, this isn’'t feasible (or desirable)

Instead, use the recursion tree to get a good
guess

Verify solution using substitution

T(n)=3T(n/4)+n>
Assume T(k) = O(k?) forallk<n
Show that T(n) = O(n?)
Given that T(n/4) = O((n/4)2), then

there exists positive constants ¢ and n such lhat}

Olg(m)= {f(") : 0< f(n)<cg(n)foralln>n,

T(n/4) < c(n/4)2
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T(n)=3T(n/4)+n

To prove that Show that T(n) = O(n?) we need to identify o
the appropriate constants:

O(g(n) = {f(n):

there exists positive constants ¢ and n such that
0< f(n)<cg(n)foralln>n,

i.e. some constant ¢ such that T(n) < cn’
T(n)=3T(n/4)+n’
<3c(n/4)* +n’
=cn’3/16+n’

= cn residual

13
a constant exists if —cn?Tg +n? <0

T(n)=3T(n/4)+n’

To prove that Show that T(n) = O(n?) we need to identify
the appropriate constants:
there exists positive constants ¢ and n such that

iom:
OED=1T0 ¢ sy < ety foralln=n,

i.e. some constant ¢ such that T(n) < cn’
13
—cn?*Tg+n? <0
13
cn?« Tg=n?
16

> —
=13

!
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H
T(n)=16T(n/4)+n :
Master Method if () = O(n"™* ) for & > 0, then T(n) = (1) H
if f(n)=©(n"""), then T'(n) = O(n"*" logn)
Provides solutions to the recurrences of the form: if f(n)=Q(n"***) for £ > Oand af (n/b) < f () for c <1
then 7'(n) = @( f (n))
T(n)=aT(n/b)+ f(n) ‘
a = 16 ploma _ plo16
if (1) = 01" for & > 0, then T(n) = O(1'**) b = 4 .
f(n)= n

if /() =©(n" ), then T(n) = ©(n"*“ log n)
if f(n)=Q(n'"*“**)for & >0and af (n/b) < cf (n) forc <1
then T'(n) = O(f(n))

isn=0(n"*)?
isn=0(n")?
isn=Q(n**)?

Case 1: 0O(n?)
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T(n)=Tn/2)+2"
if £(n)=0(n"*“*)for & >0, then T(n) = ©(n"**")
if f(n) =O(n" then T(n) = ©(n"*“ log n)
if f(n)=Q(n )for & >0and af (n/b) < cf (n) forc <1
then () = ©( /()

=1 logy a :
a e _ o logyl
b o= 2 n no
fin)= on =n
Case 3?

is2" =0(n"*)?
is2" =0(n°)?
is2" = O(n"*)?

is2"? <c2" forc<1?

T(n)=Tn/2)+2"
if £(n)=0(n"“*)for £ >0, then T(n) = ©(n"**")
if f(n)=0( then T(n) = ©(n"*“ log n)
if f(n) = “)for & >0and af (n/b) < cf (n) forc <1
then T(n) = ©( /()

is 2" <¢2" fore<1?

Letc=1/2
2" <(1/2)2"
212 <" T(n) = ©(2)

912 < gl
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T(n)=2T(n/2)+n T(n)=16T(n/4)+n!
if f(n)=O0(n"“*) for £ > 0, then T'(n) = O(n"*") if f(n) = O(n"*“*) for & > 0, then T(n) = O(n"*)
if /(1) =©(n""), then T(n) = O(n"*** log ) , then 7(n) = ©(n"™* log n)
if f(n)=Q(n )fore >0andaf (n/b)<cf(n)fore <1 “Yfore>0andaf (n/b)<cf(n)forc<l
then T(n) = ©(f (1)) then T(n) = ©(f (1))
a =2 ploma o2 a = 16 ploma —  ploels
b =2 , b =4 2
fin)= n = fn)= nl =n
. i . e Case 3?7
isn=0(n'"")? s nt=0(n"*)? is16(n/4)! < cn!forc <1?
. n, fscen! c !
isn=0m")? Case 2: O(nlog n) is nl=@(n*)?
isn=Qn")? is nl=Q(n**)?
30
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T(n)=16T(n/4)+n!
if £(n)=0(n"*“*)for & >0, then T(n) = ©(n"**")
if f(n) =©(n"**), then T(n) = O(n"*“ log n)
if f(n)=Q(n"*“**) for £ > 0and af (n/ b) < cf (n) for c <1
then () = ©( /()

is16(n/4)! <cn!forc<1?

Letc=1/2
cnl=1/2n!

>(n/2)!

T(n) = O(n!)

therefore,

16(n/4)1< (n/2)1<1/ 21!

T(n)=~2T(n/2)+logn
if £(n)=0(n"“*)for £ >0, then T(n) = ©(n"**")
if f(n) =©(n"**), then T(n) = O(n"*“ log n)
if f(n)=Q(n"*“**) for £ > 0and af (n/ b) < cf (n) for c <1
then T(n) = ©( /()

a = V2 s — nlog:ﬁ
b =2 logy 272

= n -’
f(n) = logn

= Vn

islogn=0(n"**)?
is logn = ©(n'?)? Case 1: O(x)

islogn =Q(n"**)?

31 32
T(n)=4T(n/2)+n
iff f(n) = O(n"™ ) for & > 0, then T(n) = O(n"™") Recurrences
if f(n) = ©(n'*), then T(n) = @(n"™* log n)
it ‘fl::r:;((:()n:“'@(;](i(;;s>0anduf(n b)<ef(mfore<l T(I’l) = 2T(n/3) +d T(n)=TT(n/7)+n
o -4 wse s if £ (n)=0(n"*") for £ >0, then T(n) = O(n"**)
oI noet = ple if f(n) = ©(n""*), then T'(n) = O(n'"** log n)
B . if £(n) = (""" for £ > 0 and af (n/b) < of (n) for e <1
f(n)= n then T'(n) = ©(/ (1)
isn=0(n"*)? 3
O Case 1: O(n? T(n)=T(n-1)+logn T(n)=8T(n/2)+n’
isn=0(n")?
isn=Q(n**)?
33 34
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Why does the master
method work?
T(n)=aT(n/b)+ f(n)

S S (n)
a
b f(nlb) f(nlb) af (n/b)
I By fnrsty SO FIB) f@IB)  fy) Sl fwin) @ f ]

|

|

Ny

\

I

What is the depth of the tree? |::

At each level, the size of the data is divided by b

7o

n
log[ﬁ) =0
logn—logd” =0

dlogh=logn
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How many leaves?

How many leaves are there in a complete
a-ary tree of depth d?

d lo
a’=a®"

log, a
=n gp

if f(n)=0(n""*) for & > 0, then T'(n) = O(n"*")
; _ a P
Total cost if f(n)7®(n' ), then T'(n) = ©(n"*“ log ) H
if £(n) = Q™) for & > 0and af (n/b) < of (n) for e <1
then 7'(n) = O(f (n))

T(n)=cf(n)+af (n/b)+a f(n/b*)+..+a"" f(n/b"")+O(n"**)

= i;{/‘(n/b‘)+®(n‘"¥w")

Case 1: cost is dominated by the cost of the leaves

= M%t‘z’/(n/b‘) <O

w0
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if f(n)=0(n"***) for & > 0, then T'(n) = O(n'
Total COSt if f(n)=0 then T(n) = ©(n"** log n) H
if f(n)=Q(n' )fore>0and af (n/b) < cf (n) forc <1
then T(n) = ©(f (n))

)

T(n)=cf (n)+af (n/b)+a* f(n/b*)+...+a"" f(n/b"")+O(n"*)

ogun-1
= Y f(n/b')+On"")
Case 2: cost is evenly distributed across tree

As we saw with mergesort, log n levels to the
tree and at each level f(n) work

“)for & >0, then T'(n) = ©(n'**")
Total COSt if f(n)=0( , then T'(n) = ©(n"*“ log n) H
if f(n)= Q") for £ > 0and af (n/ b) < cf (n) for c <1
then T(n) = ©(f (n))

if f(n)=0(n"*

T(n)=cf(n)+af(n/b)+a* f(n/b*)+...+a"" f(n/b*")+On" =)

=Ny 00 )

Case 3: cost is dominated by the cost of the root

<P
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Other forms of the master method
T(n)=aT(n/b)+0(n")

o(n) if d >log, a
T(n)=10(n"logn) if d=log,a
o) ifd<log,a

Changing variables
T(n)=2T(\n)+logn

Guesses?
We can do a variable change: let m =logz n
(orn=2m)

T(2")=2T(2")+m
Now, let S(m)=T(2m)

S(m)=28(m/2)+m
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Changing variables
S(m)=28(m/2)+m

Guess?  S(m)=0(mlogm)
T(n)=T(2") = S(m) = O(mlogm)
substituting m=log n

T'(n)=O(lognloglogn)

43

10



