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Dynamic programming: steps

1) recursive definition: use this to recursively define
the value of an optimal solution

2) DP solution: describe the dynamic programming
table:
size, initial values, order in which it’s filled in, location of

solution

3) Analysis: analyze space requirements, running time

LCS problem

Given two sequences X and Y, a common subsequence is a
subsequence that occurs in both X and Y

Given two sequences X = X1, X2, ..., xn and
Y =y1,¥2 0y ¥n

What is the longest common subsequence?

6
recursive solution 2: DP solution
| ] | ]

— _ 1+LCS(X, Y ) ifx, =y,
X=ABCBDA B Les@.n) _{max(LCS(Xl W Y),LCS(X,Y, ) otherwise
Y=BDCA B'A{ LCS(X. 5 Y1.4)

LCS(X,Y):{ THLES(X, B ) ix, =7, LCST 1= 1+ LCS[i-1,j—1] ifx, =y,
max(LCS(X, 0, 1), LCS(X, T, ,.,)  otherwise B max(LCS[i—1, j1,LCS[i, j-1] otherwise
(for now, let’s just worry about counting the length of the LCS)
8
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LCSTL _[ 1+LCSli-L,j-1] ifx,=y, resiono| o 1HLCesti=nj- ifx,=y,

1= | max(LCS[i—1. 1, LCSTi.j—1] otherwise U™ man(LCSi-1,/1,LCSTE 1) otherwise

jj]0123456 jjo123456

i yj BDCABA i yj BDCABA

O0x |0000000O O0xi|0000000O0

1A|0000°? LCS(A, BDCA) 1TA|00001 LCS(A, BDCA)

2B |0 2B |0

3C |0 3C|o0

4B |0 4B |0

5D |0 5D |0

6A |0 6A |0

7B |0 7B |0

10

o 1+ LCS[i—1,/-1] ifx =y, o 1+ LCS[i—1,j-1] ifx =y,

LCS[’;,/]*[max(L(TS[i—l,j],LCS[i,j—l] otherwise LCS[I’j]7{max(LCS[i—l,j],LCS[i,j—l] otherwise
j|01234586 jj012345686

i yj BDCABA i y; BDCABA

0x |0000000O 0xi | 0000000O0

1TA 0000111 1TA| 0000111

2B lo111122 LCS(ABCB, BDCAB) 2Bl0111122 LCS(ABCB, BDCAB)

3C|0112222 3C|0112222

4B |011227 4B|011223

5D |0 5D |0

6A |0 6A |0

7B |0 7B |0

12
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Lcs[i)/_]:{ 1+LFvS[iTI,j—l]. ' ifx,:.y/ LCS[i,j]:{ 1+L.CS[i.—l,j—1]. . ifx,:.y/
max(LCS[i-1, j1,LCS[i, j—1] otherwise max(LCS[i—1, j1,LCS[i, j—1] otherwise
ij0123456 jj0123456
i yj BDCABA i yy BDCABA Space requirements: O(nm)
0x,|0000000O0 Where's th 0x,|0000000O Running fime: O(nm)
1TA|0000111 f.efes‘e 1TA|0000111 g fime:
inal answer?
2B|0111122 2B|0111122
3C|0112222 3C|10112222
4B|0112233 4B|0112233
5D| 0122233 5D| 0122233
6A | 0122334 6A | 0122334
7B|012234(4) 7B 0122344
13 14
Keeping track of the solution LCS[i,j]:j LrLCSli-Lj-]  #fx=y,
Lmax(LCS[l*l,j],LCS[l,j*1] otherwise
Our LCS algorithm only calculated the length of the LCS J 0123456
between X and Y i Vi BDCABA
What if we wanted to know the actual sequence? EI) E 8 8 8 g?? (1)
2Bl0111122 LCS(ABCB, BDCAB)
3C|0112222
4B|011227
5D |0
6A |0
7B |0
15 16
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LCSTL _ﬂ 1+ LCS[i—1,j—1] ifx =y, LCSTL N 1+ LCS[i -1, j—1] ifx, =y,
1= | max(LCS[i—1. 1, LCSTi.j—1] otherwise U1 man(LCSTi—1,/3,LCSTj~1)_otherwise
jl0123456 jj]01234586
i yj BDCABA i yj BDCABA
O0x |0000000O 0x |0000000O
1TA 0000111 1TA| 0000111
280111122 LCS(ABCB, BDCAB) 2B 0111122 LCS(ABCB, BDCABA)
3C 01122\22 3C 01122\22
4B |011223 4B|0112237
5D |0 5D |0
6A |0 6A |0
7B |0 7B |0
18
Lcs[i'j]:]imax(ngSlEiC‘;gl[fj_]}Lj;;I[]t',jfl] (’)tth\;r\:m‘;/e LCS[i’j]:{max(ngSl[‘inl[,ij_],LLjC;l[]i,j71] ;tl:e’r:vi;
j|l0123456 jj]01234586
i yj BDCABA i y; BDCABA
0x |0000000O 0 x 0009\00\0
1TA 0000111 1TA|0000+11
2B 0111122  CSABCEEDCARA 2B 0 FE1122  oudowe
3C|0112222 3C|0112222 generate the
4B |0112233 4B 0112233 solution from this?
5D |0 5D|012223.3
6A |0 6A| 0122334
7B |0 7B|0M122344

20
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. 1+LCS[i-1,/-1] ifx, =y, erge
LCS[I’/]7{max(LCS[i—l,j],LCS[i,j—l] otherwise Rod splitting
| |
jl0123456 Input: a length n and a table of prices fori =1,2,.. m
i yy BDCABA Output: maximum revenue obtainable by cutting up the
0x 000 0000 rod and selling the pieces
1A 000011
A
2B O\J' }\1 12 2 We can follow the Example:
3C |01 1 ?'2\2 2 arrows to generate
4B 07112233 the solution length i 1 2 3 4 5 6 7 8 9 10
5D|012 2\23\3 price pi 1 3 8 9 10 17 17 20 24 28
6 A 0_1 223\34} BCBA
7B 10122344
21 22
Rod splitting Rod splitting
| ] | ]

Input: a length n and a table of prices fori =1,2,.. m
Output: maximum revenue obtainable by cutting up the
rod and selling the pieces

Input: a length n and a table of prices fori =1,2,.. m
Output: maximum revenue obtainable by cutting up the
rod and selling the pieces

Example: Example:
length 4 1 2 3 4 5 6 7 8 9 10 length 4 1 2 3 4 5 6 7 8 9 10
price p; 1 3 8 9 10 17 17 20 24 28 price. p; 1 3 8 9 10 17 17 20 24 28
What is the best way if you have 13 units of rod? What is the best way if you have 12 units of rod?
23 24



recursive solution
|

5 6 7 8 9 10

length ¢ 1 2 3 4 ¢
38 9 10 17 17 20 24 28

price p; 1

@

recursive solution
|

length ¢ 1 2 3 4 5
price p; 1 3 8 9

L N

6

7 8 9

10

10 17 17 20 24 28

CUT ! How much is left2
What should be the first cut? price 1
What are the options?
29 30
recursive solution recursive solution
| ] | ]
length ¢ 1 2 3 4 5 6 7 8 9 10 length ¢ 1 2 3 4 5 6 7 8 9 10
price  p; 1 3 8 9 10 17 17 20 24 28 price p; 1 3 8 9 10 17 17 20 24 28
" @@ n@h@
CUT ! n-1 CUT 2 n-2
price 1 price 3
31 32




recursive solution
|

5 6 7 8 9 10

length ¢ 1 2 3 4 ¢
38 9 10 17 17 20 24 28

price p; 1

QDo

Which one should we choose?

Pretend like we have a solver (R) that
gives us the answer to suproblems.

recursive solution
|

length 4 1 2 3 4 5 6 7 8 9 10
price p; 1 3 8 9 10 17 17 20 24 28

QD@

R(x) > price for best set of cuts of
“ee length x

(could structure it with the actual cuts,
but focusing on just the price is easier

What would R take as input and return? for now)
33 34
recursive solution recursive solution
| |
length ¢ 1 2 3 4 5 6 7 8 9 10 length ¢ 1 2 3 4 5 6 7 8 9 10
price  p; 1 3 8 9 10 17 17 20 24 28 price p; 1 3 8 9 10 17 17 20 24 28
" @@ " @O
cut 1 cut 1
. n-1 . n-1
price 1 price 1
What's the best we can do with this cut? 1+ R(n_] )
35 36
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recursive solution

5 6 7 8 9 10

length ¢ 1 2 3 4 ¢
38 9 10 17 17 20 24 28

price p; 1

QDo

cut 2
price 3

n-2

What's the best we can do with this cut?

recursive solution
|

length 4 1 2 3 4 5 6 7 8 9 10
price p; 1 3 8 9 10 17 17 20 24 28

QD@

cut 2

price 3 n-2

3+ R(n-2)

37

38

recursive solution recursive solution
| ] | ]
length ¢ 1 2 3 4 5 6 7 8 9 10 length ¢ 1 2 3 4 5 6 7 8 9 10
price  p; 1 3 8 9 10 17 17 20 24 28 price p; 1 3 8 9 10 17 17 20 24 28
" @ n@
What should be the first cut? R(n) = f“l?’ﬁ-zg{pi +R(n—1)}
39 40
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DP solution (from the bottom-up)

R(m) = i_mna);_>o{pr +R(n— 1)}
el

What are the smallest possible subproblems2

To calculate R(n), what are all the subproblems we need
to calculate? This is the “table”.

How should we fill in the table?

Where will the answer be?

DP solution (from the bottom-up)
|
R(M) = max_ {pi+R(n— L)}

What are the smallest possible subproblems?

R(0) = 0, R(-i) not possible

41

42

DP solution (from the bottom-up)

R(n) = max_ {pi + R(n - 1)}
fia

To calculate R(n), what are all the subproblems we need
to calculate? This is the “table”.

R(0)...R(n)

Note: This is filling in a table for all possible
integer lengths from 1 to n.

DP solution (from the bottom-up)
[
R() = max_ {pi +R(n - 1)}

How should we fill in the table?
R(0) = R(n)

The dependencies are on smaller values

43

44

10
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DP solution (from the bottom-up)
e

R(m) = i_mna);_w{pr +R(n— 1)}
el

Where will the answer be?

R(n)

Rod splitting example
[
length: 1 3 5 6 8

R(n) = max_{pi+R(n—1)}
price: 1 6 9 13 16 im=liz0

RO 1 234567 89 101112

45

46

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

o1 2

RO1 234567 89 1011 12
Choice: 1 1

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

3:6+R0]=6
11+ R2)=3

01 2 ¢

RO1 234567 89 101112
Choice: 1 1 3

47

48

11
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Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

3:6+R1]=7 5:9 +R[0]=9
1:1 +R[3]=7 3:6+R[2]=8
1:1 +R4]=8
01 2 67 0126729
RO1 234567 89 101112 R O 1 2 56 7 8 9 1011 12
Choice: 1 1 3 3 Choice: 1 1 3 3 5
49 50
Rod splitting example Rod splitting example
| |
length: 1 3 5 6 8 length: 1 3 5 6 8
price: 1 6 9 13 16 price: 1 6 9 13 16
6:13 +R(1] =14
6:13 +RI0] = 13 5.9 +R(2]=11
5.9 +R[1]=10 3:6+R4] =13
3:6+R[B]=12 1:1 + RG] = 14
1:1 + R[5] = 10
01267 913 012 67 91314
R O1 234567 89 101112

Choice: 1 1 3 3 5 6

RO1 234567 89 101112
Choice: 1 1 3 3 5 6 6

51

52

12
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Rod splitting example Rod splitting example
[ [
length: 1 3 5 6 8 length: 1 3 5 6 8
price: 1 6 9 13 16 price: 1 6 9 13 16 616 RII= 17
8:16 +R[0] =16 6;]3+R[3]: 9
6: 13 +R[2] =15 5:9 + R[4] = 16
5:9 + R3] =15 3: 6 + R[6] =19
3:6 +R[5]=15 1:1 +R[B] =17
1:1 +R[7]=15
01 267 9131416 01 267 913141619
RO1234567 89101112 RO 123456789 101112
Choice: 1 1 3 3 56 6 8 Choice: 1 1 3 3 56 68 6
53 54

Rod splitting example Rod splitting example
[ [
length: 1 3 5 6 8 length: 1 3 5 6 8
price: 1 6 9 13 16 816 + R121= 18 price: 1 6 9 13 16 8:16 + R(3] = 22
6:13 + R[4] = 20 6:13 + R[5] = 22
5:9 +R[5]=18 5:9 + R[6] = 22
3:6 + R[7] = 20 3:6 + R[8] = 22
1:1 + R[9] = 20 1:1 4 R[10] = 21
01267 913141619 20 01 267 913141619 20 22
RO 1234567 829101112 RO1 23456789 101112
Choice: 1 1 3356686 6 Choice: 1 1 3356686 6 8
55 56

13
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Rod splitting example

[

length: 1 3 5 6 8

price: 1.6 9 13 16 8:16 +R[4] = 23
6: 13 + R[6] = 26
5:9 + R[7] = 23
3: 6 + R[9] = 25
1:1 +R(11] =23

01 2 67 913141619 20 22 26
RO 1234567 89 101112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

What cuts do we make?

01 2 6 7 913141619 20 22 26
RO1 234567 89 101112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

57

58

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

What cuts do we make?

01 2 67 913141619 20 22 26
R O1 234567 89 10 1112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

6+ R[6]

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

What cuts do we make?

01 2 67 913141619 20 22 26
RO 1234567 89 101112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

6+ R[O] 6+

59

60

14
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Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

What cuts do we make?

01 2 67 913141619 20 22 26
RO1 234567 829 10 1112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

What cuts do we make?

01 2 6 7 913141619 20 22 26
RO1 234567 89 101112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

w
8 + R[3]
61 62
Rod splitting example Rod splitting example
[ [
length: 1 3 5 6 8 length: 1 3 5 6 8
price: 1 6 9 13 16 price: 1 6 9 13 16
What cuts do we make? What cuts do we make?
01267 913141619 20 22 26 01 267 913141619 20 22 26
RO1 234567 829101112 RO1 23456789 101112
Choice: 1 1 3356686 6 8 6 Choice: 1 1 3356686 6 8 6
3+ R[0] 8+
63 64

15
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Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

What cuts do we make?

01 2 67 913141619 20 22 26
RO1 234567 89101112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

6+ R[4]

65

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

What cuts do we make?

01 2 6 7 913141619 20 22 26
RO1 234567 89 101112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

3+ R[1] 6+

66

Rod splitting example
[

length: 1 3 5 6 8

price: 1 6 9 13 16

What cuts do we make?

01 2 67 913141619 20 22 26
R O1 234567 89101112
Choice: 1 1 3 3 5 6 6 8 6 6 8 6

1+RO] 3+ 6+

DP solution

DP-Rod-Splitting (n)
r[0] 0
for j = 1ton
max 0
for i = 1tom
if i<y
p=p+rli-14l
if p > max

max P

67

68

16
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DP solution
| |
DP-Rod-Splitting(n) DP-Rod-Splitting(n)
r[0] 0 r[0] = 0
for j = 1ton Space requirements? for j = 1ton Space requirements: O(n)
max = 0 max = 0
for i = 1tom Running time? for i = 1tom Running time: ©(nm)
if i< if li<)
p=p+rli-1] p=p+7r0i-1]
if p > max if p > max
max = p max = p
r[j] max r[j] max
return r[n] return r[n]
69 70
DP solution Memoization
| |
DP-Rod-Splitting(n) Sometimes it can be a challenge to write the function in a bottom-
x[0] 0 up fashion
for j = 1ton What if you want to P
max = 0 know the cuts?
for i = 1tom Memoization:
if i<j Write the recursive function top-down
p=p+ri-1] Alter the function to check if we've already calculated the value
if p > max If so, use the pre-calculate value
max = p
r[j] = max

71

If not, do the recursive call(s)

77

17
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Memoized fibonacci

FisoNacei(n)

1 ifn=1lorn=2

2 return 1
3 else
4 return Fisonacci(n — 1) + Fisonacci(n — 2)

FIBONACCI-MEMOIZED(n)

1 fibfl] —1

2

3 fori—3ton

4 Fibi] — oo

5 return FIB-LOOKUP(n)
Fis-LooKup(n)
1 if fib[n] < oo

2 return fibn]

3 2« Fis-Lookup(n — 1) + Fis-Lookup(n — 2)
1 if @ < fib[n]

5 fibln] — =

6 return fib[n]

Memoized fibonacci

FisoNacei(n)

1 ifn=lorn=2

2 return 1
3 else
1 return Fisonacci(n — 1) + Fisonacei(n — 2)

FIBONACCI-MEMOIZED(n)

1 fib[l] —1

2 fib[2] =1

3 fori—3ton Use « to denote
4 Fibli] — uncalculated

5 return FiB-Lookup(n)

FiB-Lookup(n)

1 if fibln] < oc

2 return fib[n]

3 2 — Fi-Lookup(n — 1) + Fip-Lookup(n — 2)
L fib[n]

5 fibln] — =
6 return fib[n]

78

79

Memoized fibonacci

FisoNacei(n)
1 ifn=lorn=2

2 return 1
3 else
i return Fonacci(n — 1) + Fisonacci(n — 2)

FIBONACCI-MEMOIZED(1) What else could we use

1 fibll] —1 besides an array?

2 fibl2] =1

3 fori—3ton Use « to denote
4 fibli] — > uncalculated

5 return FIB-LOOKUP(1)

Fis-Lookup(n)

1 if fibln] < oo

2 return fibn]

3 & — Fis-Lookup(n — 1) + FIB-LoOKUP(n — 2)
4 if 2 < fibfn]

5 fibln] — =

6 return fibn]

Memoized fibonacci

FisoNacei(n)

1 ifn=1lorn=2

2 return 1
3 else
1 return Fisonacci(n — 1) + Frsonacei(n — 2)

FIBONACCI-MEMOIZED(n)

1 fib[1] — 1

2 fibl2 —1

3 fori—3ton

4 Fibli] — oo

5 return Fis-Lookup(n)

F1B-Lookup(n) Check if we already

1 if fibn] < o calculated the value
>

2 return fib[n]

3z — FiB-LookuP(n — 1) + FIB-LOOKUP(n — 2)
4 if z < fibln]

5 Fibn] — =

6 return fib[n]

80

81

18
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Memoized fibonacci

FisoNacei(n)

1 ifn=1lorn=

2 return 1
3 else
4 return Fisonacci(n — 1) + Fisonacci(n — 2)

FIBONACCI-MEMOIZED(n)

1 fibfl] —1

2

3 fori—3ton

4 Fibi] — o

5 return FiB-LoOKUP(n)
Fis-LooKup(n)

1 if fib[n] < oo
2 return fibn]

1 ifx < fib[n]
5 Fibln] — =
6 return fibln]

[3 2 — Fip-Lookur(n — 1) + Fis-Lookur(n —2) | calculate the value

Memoized fibonacci

Fisonacci(n)

1 ifn=lorn=2

2 return 1
3 else
4 return Fisonacci(n — 1) + Fisonacei(n — 2)

FIBONACCI-MEMOIZED(n)
1 fib[l] —1

Fibli] — o

5 return FIs-LOOKUP(n)
FiB-Lookup(n)

if fib[n] < oo

return fibln]

— 1) + Fis-Lookup(n — 2)

store the value

82

Memoization
|

Pros

Can be more intuitive to code/understand

subproblems

Cons

recursion (though often the functions are tail recursive)

Can be memory savings if you don’ t need answers to all

Depending on implementation, larger overhead because of

84

83
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