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Recurrence : The challenge :

A function that is defined with respect to itself on
smaller inputs

T(n)=2T(n/2)+n
T(n)=16T(n/4)+n

T(n)=2T(n—1)+n’

Recurrences are often easy to define because
they mimic the structure of the program

But... they do not directly express the
computational cost, i.e. n, n?, ...

We want to remove self-recurrence and find a
more understandable form for the function
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Three approaches :

Substitution method: when you have a good
guess of the solution, prove that it's correct

Recursion-tree method: If you don’t have a good
guess, the recursion tree can help. Then solve
with substitution method.

Master method: Provides solutions for
recurrences of the form:

T(n)y=aT(n/b)+ f(n)

Substitution method

Guess the form of the solution
Then prove it's correct by induction

T(n)=T(n/2)+d

Halves the input then constant amount of work
Similar to binary search:
Guess: O(log, n)

T(ny=T(n/2)+d H

Assume T(k) = O(logz k) forall k<n
Show that T(n) = O(log2 n)

From our assumption, T(n/2) = O(logz n/2):

O(g(m) = {f(n)i

there exists positive constants ¢ and # such that
0< f(n)<cg(n)foralln>n,

From the definition of big-O: T(n/2) < ¢ log>(n/2)

How do we now prove T(n) = O(log n)?

00

T(n)=T(n/2)+d sese

o0

To prove that T(n) = O(log. n) identify the appropriate °
constants:

O(g(m) = {f(n):

there exists positive constants ¢ and z such that
0< f(n)<cg(n)foralln>n,

i.e. some constant ¢’ such that T(n) < c’log, n

T(n)=T(n/2)+d
<c l()g2 (n/2)+d  from ourinductive hypothesis

=clog,n-clog,2+d

=clog, n residual

Key question: does a constant exist such that:
T(n) < c'log,n
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T(n)=T(n/2)+d

To prove that T(n) = O(log, n) identify the appropriate
constants:

O(g(m) = {f (m):

there exists positive constants ¢ and n such that
0< f(n)<cg(n)foralln>n,

i.e. some constant ¢’ such that T(n) < c’log, n

Key question: does a constant exist such that:
T(n) < c'log;n

T(n) < clog:n—c+d

if c = d, then, yes!
(if not, just let ¢’ = d)

Tn)=T(n-1+n

Guess the solution?

At each iteration, does a linear amount of work (i.e.
iterate over the data) and reduces the size by one at
each step

o(n?)

Assume T(k) = O(k?) forallk<n
e again, this implies that T(n-1) < ¢(n-1)2
Show that T(n) = O(n?), i.e. T(n) s ¢’n?

9 10
T(n)=T(n-1)+n soet T(n)=T(n-1)+n HH
< c(n — 1)2 + n  from our inductive hypothesis . < C(}'l - 1)2 4+ n  from our inductive hypothesis .
=c(n*—2n+1)+n =c(n*-2n+1)+n
if —2cn+c+n<0
, —2cn+c+n<0
then, we can let ¢’ = ¢ and <
there exists a constant —2Zen+c<-n
such that T(n) < ¢'n? c(2n+1)<-n
c2
2n—1
which holds forany o> |
¢ 21 for n 21 " 2-1/n
11 12
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T(n)=2T(n/2)+n coes
Guess the solution?

Recurses into 2 sub-problems that are half the size
and performs some operation on all the elements
O(nlog n)

What if we guess wrong, e.g. O(n?)?

Assume T(k) = O(k?) forallk<n
o again, this implies that T(n/2) < ¢(n/2)?

T(n)=2T(n/2)+n eoo
<2c¢(n / 2)2 + 71 from our inductive hypothesis
=2cn*/4+n

=1/2¢n* +n

2 .
=cn residual

if
—(1/2cn*=n)<0

overkill?
Show that T(n) = O(n?) —1/2en* +n<0
cn>2
13 14
T(n)=2T(n/2)+n T(n)=2T(n/2)+n e

What if we guess wrong, e.g. O(n)?

Assume T(k) = O(k) forallk<n
o again, this implies that T(n/2) < c(n/2)
Show that T(n) = O(n)

T(n)=2T(n/2)+n

<2cn/2+n
=cn+n

<cn \

factor of n so we can
justroll it in?

What if we guess wrong, e.g. O(n)?

Assume T(k) = O(k) forallk<n
o again, this implies that T(n/2) < c(n/2)
Show that T(n) = O(n)

Must prove the

T(n)=2T(n/2)+n exact form!

<2cn/2+n
=cn+n

A0 we can
ustToll it in?

cn+n <cn??

<cn

15

16
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T(n)=2T(n/2)+n
Prove T(n) = O(n logz n)
Assume T(k) = O(k logz k) forall k <n
o again, this implies that T(k) = ck log.k
Show that T(n) = O(n logz n)

T(n)=2T(n/2)+n
<2cn/2log(n/2)+n
<cn(log,n—log,2)+n
<cnlog, n residual
<cnlog, n

ifcnzn, c>1

Recursion Tree

Guessing the answer can be difficult
T(n)=3T(n/4)+n*
T(n)=T(n/3)+2T12n/3)+cn

The recursion tree approach
» Draw out the cost of the tree at each level of recursion
o Sum up the cost of the levels of the tree
Find the cost of each level with respect to the depth
Figure out the depth of the tree
Figure out (or bound) the number of leaves
o Verify your answer using the substitution method

17 20
T(n)=3T(n/4)+n* cost T(n)=3T(n/4)+n’ cost
/ ‘ \ / \ . 316cr?
T(n/4) T(n/4) T(nv4) r(%) “(’le “(’le
/1IN /IN /1IN
(e i lie) e i i) (e i lse)
21 22
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cn?

/[ ‘ \( 3/16¢n?

| N IN
G HEs @ J\ >> eper

LT L P 1

d
3
What is the cost at each level? [E) cn’

T(n)= 3T(n/4)+n2 cost

What is the depth of the tree?
At each level, the size of the data is divided by 4

=1

n
log[FJ =0

logn—log4’ =0

a)s

dlog4=logn

23

24

T(n)—3T(n/4)+n2 §§§:

/ \ /N /
{2 {ie) {5 (%) e

AR AR e

M

How many leaves are there?

s
I

How many leaves?

How many leaves are there in a complete ternary
tree of depth d?

3d — 310g4 n

25

26



9/8/22

o000 00
o000 o000
s 16 s
Total cost : Total cost (=3¢ +66™" :
T(¢1)=cn2+icnz+(ij cnz+...+[ij‘i cn® +O(3"") 3her :41%43%4”
16 16 16
— 4]0g4nlog43
2|ogm4 3\ otun ) |
=cn ; T6 +0O(3°") :41%4"1@43 Assignment 1!
< ani(i]’ +O@3"") B 1 — ploes3
\16 Y=
k=0 1-x
“Tene O letx = 3/16 Ty =8 cn? + O(ns)
13
:Ecn2+®(3'"g‘") 7
13 T(n)=0(n*)
27 28
. . . e o seee T(n)=3T(n/4)+n’ seee
Verify solution using substitution st () (n/4) seet
[ ]

T(n)=3T(n/4)+n’
Assume T(k) = O(k?) forallk<n
Show that T(n) = O(n?)

Given that T(n/4) = O((n/4)3), then

O(g(m) = {f(n)i

there exists positive constants ¢ and # such that
0< f(n)<cg(n)foralln>n,

T(n/4) < c(n/4)?

To prove that Show that T(n) = O(n?) we need to identify
the appropriate constants:

O(g(m) = {f (n):

there exists positive constants ¢ and z such that
0< f(n)<cg(n)foralln>n,

i.e. some constant ¢ such that T(n) < cn?
T(n)=3T(n/4)+n’

<3c(n/4)* +n’
=cn’3/16+n"

= cn residual

13
a constant exists if, if —cn?* T+ n?<0

29

30
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T(n)=3T(n/4)+n’

To prove that Show that T(n) = O(n?) we need to identify
the appropriate constants:
there exists positive constants ¢ and n such that}

Olgtny = {f 5 o< fm) < gy forall n> n,

i.e. some constant ¢ such that T(n) < cn?

13
—cn?xTg+n? <0
13
cn? x Tg = n?

Master Method :

Provides solutions to the recurrences of the form:
T(n)=aTl(n/b)+ f(n)

if f(n)=0(n"*"*)for & >0, then T(n) = O(n"**)

if £ (n)=0n"%*), then T'(n) = O(n"** logn)

if f(n)=Qn" ") for & >0and af (n/b) < cf (n) forc <1
then 7'(n) = ©(f (n))

31 32
.
J— n
T(n)=16T(n/4)+n : T(n)=T(n/2)+2 :
if f(n)= 0" ) for s >0, then T(m) =©(n™*) | £ if £(m) = 0™ ) for & > 0, then T(m) = O(n**) | £
if f(n)=0O(n" "), then T'(n) = ©(n""** log n) if f(n)=@(n"**), then T (n) = O(n"*“ log n)
if f(n) =Q(n'****) for & > 0and af (n/b) < ¢f (n) forc <1 if f(n) = Q(n"****) for £ > 0and af (n/b) < cf (n) for ¢ <1
then T'(n) = O(f(n)) then 7'(n) = ©(f(n))
a = 1 6 nlog,,u — nlog416 a = 1 nl"gha n10gzl
b = 4 , b = 2 .
fl(n)= n =n f(n) = on = n
. 26 o o Case 3?7
isn=0(n")? c 1: On? 52" =0(n"")? $27% < (D" 19
: ase 1. n . an 18 <c2"forc<1?
isn=0(n")? (n%) is2" =0(n")?
isn=Q(n**)? is 2" =Q(n"**)?
34

33
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n
T(n)=T(n/2)+2
if f(n) = 0@ ***) for & >0, then T'(n) = O(n"**)
if £(n) = @), then T(n) = O(n"™ log )
if f(n)=Q(n"****) for & > 0and af (n/b) < ¢f (n) forc <1
then T'(n) = O(f(n))

T(n)=2T(n/2)+n
if f(n) = O(n"***) for & > 0, then T(n) = O(n"**)
if £(n) =O@n""), then T'(n) = O(n"*“ logn)
if f(n)=Q(n"* ") fore >0and af (n/b) < cf (n) forc <1
then T'(n) = O(f (n))

is2"% < 2" fore <12 a =2 ploma _ plom?
b = 2
Letc=1/2 _ 1
fln)= n = n
2" <(1/2)2"
2" <2" T(n) = ©(2") isn=0(n"")?
112 < g isn=0(n")? Case 2: O(nlog n)
isn=Qn"")?
35 36
- H
T(n)=16T(n/4)+n! ssst T(n)=16T(n/4)+n! $
[ X ) [ ]
if f(n)=O0(n" ") for & > 0, then T'(n) = O(n""*") N if f(n) = O(n"*“*) for & > 0, then T'(n) = O(n"*") 2
if f(n)=0O(n" "), then T'(n) = ©(n""** log n) if f(n)=@(n"**), then T (n) = O(n"*“ log n)
if f(n)=Q(n"*“**)for & >0and af (n/b) < ¢f (n) forc < 1 if f(n)=Q(n" ") for& >0and af (n/b) < cf (n) for c <1
then T'(n) = O(f(n)) then T'(n) = ©(f(n))
a = 16 ploza _ plogl6 is16(n/4)! < cn!forc<1?
b = 4 2 Let 112
fin) = n! =n ees
cnl=1/2n! T(n) = O(n!)
, Vs Case 37? >(n/2)!
isnl=0(n""°)? .
) R isl6(m/4)! <cn!forc<1? therefore
isnl=0(n")? '
is nl= Q(nz+g)? 16(n/4)!<(n/2)!<1/2n!

37

38
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°
°
T(n) =~2T(n/2)+logn :
if £(n) = O™ *) for & > 0, then T(n) = O(n'"*") N
if £(n) =), then T (n) = O(n"** log n)
if f(n)=Q(n"*“**)for & >0and af (n/b) < ¢f (n) forc < 1
then 7'(n) = O(f(n))

T(n)=4T(n/2)+n
if f(n) = O(n"***) for & > 0, then T(n) = O(n"**)
if £(n) =O@n""), then T'(n) = O(n"*“ logn)
if f(n)=Q(n"* ") fore >0and af (n/b) < cf (n) forc <1
then T'(n) = O(f (n))

E f ‘/25 nlog;,u _ nlogzﬁ s = 42 nlog,,a _ n10g24
- log, 2"? = _
f(n) = logn = n* fin)= n =n
= Vn
islogn=0(n""")? Case1: © isn=0(n""*)? ,
islogn=0(n'"*)? ase 1: O(n) isn=0(n*)? Case 1: O(n?)
islogn = Q(n'"**)? isn=0Qn**)?
39 40
(8 Why does the master 3
eo0e eo0
oo 2 o0
Recurrences : method work? | e
T(n)y=aT(n/b)+ f(n)
T(n)=2T(n/3)+d T(n)=7T(n/T)+n fn) 1
if f(n)=O(n"*“ ) for & > 0, then T'(n) = O(n'"*") S
/() =0(:™"), then T(n) = ©(n™* log ) - F(n1b) 10i78) af (n/b)
if (1) = Q(n"™* ) for £ > 0and af (n/b) < f () for c < 1 f(n1b)
then T'(n) = ©( £ (n)) /Lh /4_‘)\ /Lﬁ
Flb) fib) bty S @) f@I) 1B [l /b f (/b7 a’f(n/b*)
T =re-D+togn  re=sreaen |0 A I
41 42

10
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What is the depth of the tree?
At each level, the size of the data is divided by b

!

n
log(b—d) =0
logn—log4’ =0

dlogb=logn

d=log,n *

How many leaves? :

How many leaves are there in a complete
a-ary tree of depth d?

d log, n
a®=a’®

log, a
=n 129

43 44
if f(n) = O(n*™**) for & > 0, then T(n) = ©(n*™**) if (1) = O(n**) for & > 0, then T'(n) = ©(n"**)
Total cost if f(m=6""").then T(n)= 0" logn) Total cost if 7 =0@""), then T(n) = O " logn) b4
if f(m)=Q(n"™ ") for £ > 0and af (n/b) < ¢f (n) for e <1 if (m) = Q1" %) for & > 0and af (n/b) < f (m) for e <1| ©
then 7'(n) = ©(/ (n) then T'(n) = ©(f (n))
T(m)=cf(n)+af (n/b)+a f(n/b*) 4.t f(n/ 0"+ O™ ") T(n)=cf () +af (n/b)+a* f(n/b?) +..ct-a™ £ (n/ b )+ O
log, n-1 log, n-1
= I’z:a’f(n/b’)Jr@(n‘“"“) — Zalf(n/bt)+®(nlogr,u)
=0 i=0
Case 1: cost is dominated by the cost of the leaves Case 2: cost is evenly distributed across tree
gt logya As we saw with mergesort, log n levels to the
- Zo‘a S(n/8) <O tree and at each level f(n) work
45 46

11
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if f(n)=0(n"***)for & >0, then T(n) = O(n"**)
Total cost if /() =060""), thenT(n) =" logn)
if f(n)=Qn""**)fore >0and af (n/b) < cf (n) forc <1
then 7'(n) = ©(f(n))

Other forms of the master method

T(n)=cf(n)+af(n/b)+a’f(n/b*)+...+a"" f(n!/b"")+Om"**)

T(n)=aTl(n/b)+ O(nd)

log,, n—1

= > df(n/b)+Om*")
i=0

Case 3: cost is dominated by the cost of the root on*) if d >log, a
@ T(n)=410(n"logn) ifd=log,a
o(n"*) if d <log, a
a
47 48
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