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SINGLE SOURCE SHORTEST
PATHS
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1 2
Graphs Connectedness
| ] [
A graph is a set of vertices V and a set of edges Given an undirected graph, for every node u €V,
(u,v) € E whereu,y € V can we reach all other nodes in the graph?

Algorithm + running time

/ Run BFS or DFS-Visit (one pass) and mark

. nodes as we visit them. If we visit all nodes,
\ /. return true, otherwise false.
/ Running time: O(lV| + |E])
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Strongly connected
fr

Given a directed graph, can we reach any node v
from any other node u?

Can we do the same thing?

Transpose of a graph

=
Given a graph G, we can calculate the transpose of a
graph GF by reversing the direction of all the edges

G GR

o _

Running time to calculate GR?  6(|V| + |E|)

5 6
Strongly connected Is it correcte
| ] |
What do we know after the first pass?
Starting at u, we can reach every node
Strongly-Connected(G)
2
- Run DFS-Visit or BFS from some node u What do we know after the second pass?
. All nodes can reach u. Why?2
- If not all nodes are visited: return false . .
h G We can get from u to every node in GF, therefore, if we reverse the
- Create grap edges (i.e. G), then we have a path from every node to u
- Run DFS-Visit or BFS on GR from node u
- I not all nodes are visited: return false Which means that any node can reach any other node. Given
- returntrue any two nodes s and t we can create a path through u
7 8
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Runtime? Shortest paths
| |
What is the shortest path from a to d?
Strongly-Connected(G)
- Run DFS-Visit or BFS from some node v O(|V| +[E)
- If not all nodes are visited: return false ~ O(VI)
- Create graph GR o(|V| + [E])
- Run DFS-Visit or BFS on Gf from node v O(|V| + |E|)
- If not all nodes are visited: return false  O(|V|)
- return true
O(IVI| + |E])
9 10
Shortest paths Shortest paths
| |
BFS What is the shortest path from a to d2
3
1
11 12
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Shortest paths

What is the shortest path from a to d?

1
2
3
4

5

6
7
8

DUIKSTRA(G, s)

Dijkstra’s algorithm

What is dist?
What is preve

for all v e V' How does it work?
dist[v] — oo

rev(v] — null
dist[s] Hz:) v What is the run-time?
Q — MAKEHEAP(V)
while lEMPTV(Q) How do we get the shortest path?

u — EXTRACTMIN(Q)
for all edges (u,v) € E
if dist[v] > dist[u] + w(u,v)
dist[v] — dist[u] + w(u,v)
DECREASEKEY(Q. v, dist[v])
previv] — u

13

Dijkstra’s algorithm
R

DUKSTRA(G, 8) BFS(G.s)

1 forallveV 1 foreachveV

2 dist[v] — o0 2 dist[v] = o0

3 prev[v] — null 3 dist[s] =0

4 dist[s] — 0 4 ENQUEUE(Q.s)

5 Q< MakeHeaR(V) 5 while !EMPTY(Q)

6 while !EMPTY(Q) 6 u «— DEQUEUE(Q)

7 u — EXTRACTMIN(Q) 7 Visit(u)

8 for all edges (u,v) € E 8 for each edge (u,v) € B

9 if dist[v] > dist[u] +w(u,v) 9 if dist[v] = oo

10 dist[v] — distlu] + w(u,0) g ENQUEUE(Q, v)
11 DECREASEKEY(Q. v, dist[v]) 1y dist[v] — dist[u] +1
12 previv] — u

|
prev keeps track of
the shortest path
DUIKSTRA(G, ) BFS(G. s)
1 for all v E“/' 1 foreachvel
2 dist[v] — og 2 dist[v] = 00
3 ) null 3 dist[s] =0
4 dist[s] =6 i 4 ENQUEUE(Q.s)
5 Q — MakEHEAP(V) 5 while [EMPTY(Q)
6 while 'EMPTY(Q) 6 u — DEQUEUE(Q)
7 u — EXTRACTMIN(Q) 7 Visit(u)
8 for all edges (u,v) € E 8 for each edge (u,v) € B
9 if dist[v] > dist[u] + w(u,v) 9 if dist[v] = oo
10 dist[v] — dist[u] + w(w.v) g ENQUEUE(Q,v)
11 DECREASEKEY(Q. v, dist[v]) ) dist[v] — dist[u] + 1

Dijkstra’s algorithm

15
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Dijkstra’s algorithm

Dijkstra’s algorithm

DUKSTRA(G, 8) BFS(G, ) DUKSTRA(G, 5) BFS(G,s)
! for all "El‘ vl 1 foreachveV 1) for all L't;‘ bl 1 foreachv eV
2 dist[v] — oo i 2 dist[v] — oo ;
2 dist[v] = o0 2 dist[v] = 0o
j i IH.LL'[I'] — null ‘3 dist]s] = 0 j s );)rcz‘[r] — null 3 distls] =0
ist[s] — . 4 ENQUEUE(Q, s) stis] — R 4 ENQUEUE(Q.s)
5@ = NaeHEar(V) 5 while [EMPTY(Q) 5 Q< MakeHear(V) 5 while [EMPTY(Q)
E while TEMPTY (f,” ] o 6 u — DEQUEUE(Q) g while !Ewmp (Q) ) ) 6 u — DEQUEUE(Q)
7 u — EXTRACTMIN(Q) 7 Visir(v) 7 w — EXTRACTMIN(Q) 7 VisiT(u)
i for all c{lxxos (u,'v) EIE o 8 for each edge (u,v) € E f for all 0(}2% (uv.l*) S 8 for each edge (u v) € E
g if dist[v] > dist[u] +w(u,v) 9 S distlo] = oo 9 if dist[v] > dist[u] +w(u.v) J \ 9 if dist[v] = oo
10 dist[v] — distlu] + w(u.v) 19 ENQUEUE(Q, v) 10 dist[v] — dist[u] + w(u,v) g ENQUEUE(Q, 0)
11 DECREASEKEY(Q, v, dist[v]) 11 dist[v] — dist[u] + 1 11 DECREASEKEY(Q, v, dist[v]) 11 distlv] — dist[u] + 1
12 previv] — u 12 prevv] — u
D oo k 3 I . h DuKsTRA(G, 5)
likstra’s algorithm 1 forallveV
2 dist[v] — o
| 3 prev[v] — null
4 dist[s] — 0

DUKSTRA(G, )

1 forallveV 1 ach v e V'

2 dist[v] — oo 2 dist[v] = oo

3 prev[v] — null 3 dist]s] =0

;J dist[s] — 0 i 4 ENQUEUE(Q.s)

5 @ MakeHeap(V) 5 while !EMPTY(Q)

6 while 'EMPTY(Q) 6 u — DEQUEUE(Q)

7 u — EXTRACTMIN(Q) 7 VisiT(u)

8 for all edges (u,v) € B 8 for e: edge (u,v) € E

a if distfo] > distlu] 4wl 9 if dist[o] = oo

10 distlo) — distlu] + w(u,) | 10 ENQUENE(Q. 2)
11 DECREASEKEY(Q, v, dist[v]) ‘11 dist[v] — dist[u] + 1‘
12 previv] — u

5 Q«— MakeHEar(V)

6 while 'EMPTY(Q)
TRACTMIN(Q)
8 for all edges (u,v) € E

9 if dist[v] > dist[u] + w(u,v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

19
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DUKSTRA(G. 8)

1 foralwveV
2 dist[v] — oo
3 previv] — naull
1 dist[s]— 0
5 Q« MAKEHEAP(V)
6 while !EMPTY(Q)
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u,v)
10 dist[v] — dist[u] + w(u.v)
11 DECREASEKEY(Q, v, dist[v])
12 prevjv] — u
3
©
1

DUKSTRA(G, s)

1 forallvel
2 dist[v] — oo
3 prevjv] — null
1 dist[s]— 0
5 Q«— MakeHear(V)
6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u
3
0
1

Heap

AO
B o
C o
D «
E o

21
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DUKSTRA(G, s)
forallveV

dist[v] — oo

prev[v] — null

Q «— MakeHEap(V)
while 'EMPTY(Q)

1
2
3
4 dist[s] — 0
5
6
7

u +— EXTRACTMIN(Q)

8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u.v)

10 dist[v] — dist[u] + w(u,v)
11 De KEeY(Q, v, dist[v])

12 prevfv] — u

Heap

B «
C o
D «
E ©

DuKsTRA(G, 5)
1 forallveV
2 dist[v] — oo
prev[] — null
4 dist[s] — 0
5 Q«— MakeHEar(V)
6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q)

8 for all edges (u,v) €
[o if dist[v] > dist[u] + w(w,v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

Heap

B «
C o
D
E «©

23
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DUKSTRA(G, s)

1 foralwveV

2 dist[v] — oo

3 previv] — null

4 dist[s] — 0

5 Q« MAKEHEAP(V)

6 while !EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E

9 if dist[o] > dist{u] +w(u )

10 dist[v] — dist[u] + w(u.v)
11 DECREASEKEY(Q, v, dist[v])
12 prevjv] — u

Heap

Cc1
B «
D «
E o

DUKSTRA(G, s)

1 forallvel

2 dist[v] — oo

3 prevjv] — null

4 dist[s] — 0

5 Q«— MakeHEar(V)

6 while 'EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u.v) € F
[o if dist[v] > dist[u] + w(u,v) |
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Heap

Cc1
B o
D
E o

25
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DUKSTRA(G, s)
1 forallveV

2 dist[v] — oo

3 previv] — null

4 dist[s] — 0

5 @« MAKeHEAP(V)

6 while !EMPTY(Q)

7 u +— EXTRACTMIN(Q)

8 for all edges (u,v) € £
9 if dist[p] > distlu] +w(u v)

10 dist[v] — dist[u] + w(u,v)
11 De KEeY(Q, v, dist[v])

12 prevfv] — u

Heap

C1
B 3
D «
E ©

DuKsTRA(G, 5)

for allv eV
dist[v] — oo
prev[v] — null

Q — MaKEHEAP(V)
while !EMPTY(Q)

1
2
3
4 dist[s] — 0
5
6
7

u — EXTRACTMIN(Q)
8 for all edges (u,v) € £
9 if dist[v] > dist[u] + w(u.v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

Heap

C1
B 3
D
E «©

27
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DUIKSTRA(G, s)

1 foralwveV
2 dist[v] — oo
3 prev[v] — null
4 dist[s] — 0
5 Q« MAKEHEAP(V)
6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v) Heap
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 previv] — u B 3
D w
E «
3
0
1

DUKSTRA(G, s)
for all v

1 /
2 dist[v] — oo

3 prevjv] — null

4 dist[s] — 0

5 Q«— MakeHEar(V)

6 while 'EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u.v) € F
[o if dist[v] > dist[u] + w(u,v) |
10 dist[v] — dist[u] + w(u,v)

11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Heap

B 3
D «
E o

29
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DLIKSTRA(G, s)
1 forallveV

2 dist[v] — oo

3 previv] — null

4 dist[s] — 0

5 @« MAKeHEAP(V)

6 while !EMPTY(Q)

7 u +— EXTRACTMIN(Q)

8 for all edges (u.v) €
[o if dist[v] > dist{u] + w(u,v) Heap
10 dist[v] — dist[u] + w(u,v)

11 DE: KeY(Q. v, dist[v])

B 3
D «
E ©

12 prevfv] — u

DuKsTRA(G, 5)
1 forallveV

2 dist[v] — oo

3 prev[v] — null

4 dist[s] — 0

5 @Q«— MAKEHEAP(V)

6 while 'EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E
1] if dist[p] > distlu] +wlu o)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

Heap

B 2
D
E «©

31
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DUIKSTRA(G, s)

DUKSTRA(G, s)

1 foralwveV 1 forallvel
2 dist[v] — oo 2 dist[v] — oo
3 previv] — null 3 prevjv] — null
4 dist[s] — 0 4 dist[s] — 0
5 Q« MAKEHEAP(V) 5 Q«— MakeHEar(V)
6 while !EMPTY(Q) 6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u.v) € F 8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v) Heap a9 if distlp] > distlu] 4 (. 2) Heap
10 dist[v] — dist[u] + w(u.v) 10 dist[v] — dist[u] + w(u,v)
11 DECR :KEY(Q. v, dist[v]) 11 DECREA EY(Q. v, dist[v])
12 previv] — u B 2 12 prevfv] B 2
D « ES5
E « D o
3 3
0 0
1 1
DLIKSTRA(G, s) DuKsTRA(G, 5)
1 foralveV 1 forallveV
2 dist[v] — oo 2 dist[v] — oo
3 previv] — null 3 prev[v] — null
4 dist[s] — 0 4 dist[s] — 0
5 Q« MAKEHEAP(V) 5 Q«— MakeHEar(V)
6 while !EMPTY(Q) 6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E 8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v) Heap 9 if dist[v] > dist[u] + w(u,v) Heap
10 dist[v] — dist[u] + w(u,v) 10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v]) 11 DECREASEKEY(Q, v, dist[v])
12 previv] — u B 2 12 previv] — u B 2
ES5 ES
D « 2 D «
0 ® 0 ®
Frontier? All nodes reachable
rontier: ! from starting node
) ) within a given distance

35

36



11/3/22

DUKSTRA(G, s)

DUKSTRA(G, s)

1 foralwveV 1 forallvel
2 dist[v] — oo 2 dist[v] — oo
3 prev[v] — null 3 prev[v] — null
4 dist[s] — 0 4 dist[s] — 0
5 Q« MAKEHEAP(V) 5 Q«— MakeHEar(V)
6 while !EMPTY(Q) 6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E 8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v) Heap 9 if dist[v] > dist[u] + w(u,v) Heap
10 dist[v] — dist[u] + w(u.v) 10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v]) 11 DECREASEKEY(Q. v, dist[v])
12 previv] — u E 3 12 prevfv] — u D5
D5
2 5 2 5
3 3
0 0
1 1
DUKSTRA(G, s) DuKsTRA(G, 5)
1 foralveV 1 forallveV
2 dist[v] — oo 2 dist[v] — oo
3 prevfp] — null 3 prevfv] — null
4 dist[s] — 0 4 dist[s] — 0
5 Q« MAKEHEAP(V) 5 Q«— MakeHEar(V)
6 while !EMPTY(Q) 6 while 'EMPTY(Q)
7 u +— EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E 8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v) Heap 9 if dist[v] > dist[u] + w(u,v) Heap
10 dist[v] — dist[u] + w(u,v) 10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v]) 11 DE SEKEY(Q, v, dist[v])
12 prevfv] — u 12 prevfv] — u
2 5 2 5
3
0 3
0
1
1
1
1 1 3

39
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’
.o y . oo .
Is Dijkstra’s algorithm correct? Is Dijkstra” s algorithm correct?
| |
Invariant: For every vertex removed from the heap, Invariant: For every vertex removed from the heap, dist[v] is
dist[v] is the actual shortest distance from s to v the actual shortest distance from s to v
DUKSTRA(G, s) The only time a vertex gets visited is when the distance from
1 forally f’.‘;m e s to that vertex is smaller than the distance to any remaining
3 prevfo] — nall proof? vertex
4 distls] — 0
5 Q« MAKEHEAP(V)
6 while IEMPTV(Q) Therefore, there cannot be any other path that hasn’t been
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € £ visited already that would result in a shorter path
9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECRE KEY(Q. v, dist[v])
12 prev[v] — u
. . . .
Running time? Running time?
| |
DUKSTRA(G, s) DLIKSTRA(G, 5)
1 forallveV 1 forallveV
2 dist[v] — o 2 dist[v] — o
3 prevfv] — null 3 prevfv] — null
4 distls] — 0 4 dist]d — 0
5 Q— MakeHrap(V) 5 Q— MaxkeHear(V) 1 call to MakeHeap
6 while 'EMPTY(Q) 6 while TEMPTY((J]
7 u — EXTRACTMIN(Q) 7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E 8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u,v) 9 if dist[v] > dist[u] + w(u.v)
10 dist[v] — dist[u] + w(u.v) 10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v]) 11 DECREASEKEY(Q, v, dist[v])
12 prevfo] — u 12 prev[v] — u

11
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Running time?
[

DUKSTRA(G, s)
forallveV
dist[v] — oo
prev(v] — null
4 dist[s] — 0

Running time?

DUKSTRA(G, s)
for all v

1 %
2 dist[v] — o

3 prev[v] — null
4 dist[s] — 0

5 @+« MakeHEap(V)

.

7

5 Qe MakpHEAR(V)
6 while !EMPTY(Q) ‘ |V| iterations hile lEympryv(Q)
7 U — EXTRACTMIN(J] u — EXTRACTMIN(Q) ‘ |V| calls
8 for all edges (u,v) € E for all edges (w,v) € E
9 if dist[v] > dist[u] +w(u,v) 9 if dist[v] > dist[u] +w(u,v)
10 dist[v] — dist[u] +w(u,v) 10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v]) 11 DECREASEKEY(Q. v, dist[v])
12 prevfv] — u 12 previv] — u
45 46
Running time? Running time?
| ] |
Depends on the heap implementation
DUKSTRA(G, s)
1 forallveV 1MakeHeap  |V| ExtractMin  |E| DecreaseKey Total
2 dist[v] — oo
3 . prevfv] — null Array [S[(\%)] o(vVP) O(IE) o(vP)
4 dist[s] — 0
5 Q«— MAKEHEAP(V)
6 while 'EMPTY(Q)
7 1 — EXTRACTMIN(Q) .
H for all e (1) & Binheap  O(V) O(Vilog M) O(Ellogv) OV log V)
9 if dist[v] > dist[u] +w(u,v) E| log |V
10 distle] — distlul -+ wlu ) Ol fog V1)
11 DecrraseKev(Q,v.distl]) | O(|E) calls
12 previot —u

47

48
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Running time?

Running time?
[

[
Depends on the heap implementation Depends on the heap implementation
1 MakeHeap  |V| ExtractMin  |E| DecreaseKey Total 1 MakeHeap  |V| ExtractMin  |E| DecreaseKey Total
Array o(IvI) o(vP) O(IEN o(vP) Array O(IvI) O(IVP) O(IED O(IVP)
Binheap  O(|V|) O(IVI log [VI) O(IEl log [V])  O((IVI*IE]) log |VI) Binheap  O(|V) O(IVI log |V]) O([El log V) O((IVI*[EI) log [VI)
O(IE| log |V]) O([E] log VI)
Is this an improvement? If |[E| < [V[?/log |V| Fibheap  O(IVI) O(Vllog Vl) ~ O(EI) O(IVl log [V + [E)
49 50
What about Dijkstra’s on...2 What about Dijkstra’s on...?
[ |
Dijkstra’ s algorithm only
works for positive edge
weights
1
1
5
10 -10
51 52
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s Dijkstra’ s algorithm correct?
[

Invariant: For every vertex removed from the heap, dist[v] is
the actual shortest distance from s to v

The only time a vertex gets visited is when the distance from
s to that vertex is smaller than the distance to any remaining

vertex

Therefore, there cannot be any other path that hasn’t been
visited already that would result in a shorter path

We relied on having positive edge weights for correctness!

Bounding the distance
[

Another invariant: For each vertex v, dist[v] is an upper bound on
the actual shortest distance

DUKSTRA(G, 8)

1 forallveV

2 dist[v] «— oc
3 prev[v] — null
1 dist[s] — 0
5 MAaKEHEAP(V)

6 while
8

TEMPTY(Q)
w +— EXTRACTMIN(Q)
E for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u.v)

10 dist[v] — dist[u] +w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Is this a valid invariant?

53 54
Bounding the distance dist[v] = min{dist[v], dist[u] + w(u,v)}
[ |
Another invariant: For each vertex v, dist[v] is an upper bound on Can we ever go wrong applying this update rule?
the actual shortest distance We can apply this rule as many times as we want and will
start off at o never underestimate dist[v]
only update the value if we find a shorter distance
When will dist[v] be right?
If u is along the shortest path to v and dist[u] is correct
An update procedure
dist[v] = min{dist[v], dist{u]+ w(u,v)}
55 56

14
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dist[v] = min{dist[v], dist{u] + w(u,v)}
| ]

dist[v] will be right if u is along the shortest path to v and
dist[u] is correct

Consider the shortest path from s to v

dist[v] = min{dist[v], dist[u]+ w(u,v)}
|

dist[v] will be right if u is along the shortest path to v and
dist[u] is correct

What happens if we update all of the vertices with the
above update?

57

58

dist[v] = min{dist[v], dist{u]+ w(u,v)}
| ]

dist[v] will be right if u is along the shortest path to v and
dist[u] is correct

What happens if we update all of the vertices with the
above update?

correct

dist[v] = min{dist[v], dist[u]+ w(u,v)}
|

dist[v] will be right if u is along the shortest path to v and
dist[u] is correct

What happens if we update all of the vertices with the
above update?

correct correct

59

60
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dist[v] = min{dist[v], dist{u] + w(u,v)}
| ]

dist[v] will be right if u is along the shortest path to v and
dist[u] is correct

Does the order that we update the vertices matter?

correct correct

dist[v] = min{dist[v], dist[u]+ w(u,v)}
|

dist[v] will be right if u is along the shortest path to v and dist[u] is
correct

How many times do we have to do this for vertex p; to have the
correct shortest path from s2
i times

61 62
dist[v] = min{dist[v], dist{u]+ w(u,v)} dist[v] = min{dist[v], dist[u]+ w(u,v)}
| |
dist[v] will be right if u is along the shortest path to v and dist[u] is dist[v] will be right if u is along the shortest path to v and dist[u] is
correct correct

How many times do we have to do this for vertex p; to have the
correct shortest path from s2
i times

correct correct

How many times do we have to do this for vertex p; to have the
correct shortest path from s2
i times

correct correct  correct
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64
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dist[v] = min{dist[v], dist{u] + w(u,v)}

dist[v] will be right if u is along the shortest path to v and dist[u] is
correct

How many times do we have to do this for vertex p; to have the
correct shortest path from s2
i times

correct correct  correct correct

dist[v] = min{dist[v], dist[u]+ w(u,v)}
|

dist[v] will be right if u is along the shortest path to v and dist[u] is
correct

How many times do we have to do this for vertex p; to have the
correct shortest path from s2
i times

correct correct  correct correct "

65 66
dist[v] = min{dist[v], dist[u]+ w(u,v)} Bellman-Ford algorithm
| ] |
dist[v] will be right if u is along the shortest path to v and dist[u] is BELLMAN-FORD(G, 5)
correct Rol
1 foralwvel
2 dist[v] — o
What is the longest (vertex-wise) the path from s to any node v j dist[s] _'S‘('I'["] ol
can be? 5 fori—1to[V|—1
V[ - 1 edges/vertices 6 for all edges (u,v) € F
7 if dist[v] > dist[u] + w(u,v)
8 dist[v] — dist[u] +w(u,v)
9 prev[v] — u
10 for all edges (u.v) € E
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 11 if dist[v] > dist[u] + w(u,v)
12 return false
correct correct  correct correct P
67 68
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Bellman-Ford algorithm
=

BELLMAN-FORD(G, s)

for allv e V'
dist[v] — oo
prev[v] — null
dist[s] — 0
fori—1to[V[-1

for all edges (u,v) € E
if dist[v] > dist[u] + w(u,v)
dist[v] — dist[u] +w(u,v)
prev[v] — u

e T

for all edges (u.v) € E
if dist[v] > dist[u] + w(u,v)
return false

—_—
=g o x

Initialize all the
distances

doit |V] -1 times

iterate over all
edges/vertices and
apply update rule

Bellman-Ford algorithm

BELLMAN-FORD(G, s)
for all v e V'
dist[v] — oo
prev(v] — null
dist]s] — 0
fori—1to|V|—1
for all edges (u,v) € E
if dist[v] > distu] + w(u.v)
distv] — dist[u] +w(u,v)
prev[v] — u

R

© oo

10 for all edges (u,v) € E
11 if dist[v] > dist[u] + w(u,v)
12 return false

check for negative
cycles

69

70

Negative cycles
=

from a to e?

What is the shortest path

Bellman-Ford algorithm

BELLMAN-FORD(G, s)
forallv eV

dist[v] — o

prev(v] — null
dist[s] — 0
fori—1to|V|—1

for all edges (u,v) € E

if dist[v] > dist[u] + w(u,v)
distv] — dist[u] +w(u,v)

9 prev[v] — u

R I e

3

10 for all edges (u,v) € E
11 if dist[v] > dist[u] + w(u,v)

12 return false

71
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Bellman-Ford algorithm Bellman-Ford algorithm
| ] [
How many edges is How many edges is
the shortest path the shortest path
from s to: from s to:
A A 3
B:
D:
73 74

Bellman-Ford algorithm

[ s
How many edges is

the shortest path
from s to:

Bellman-Ford algorithm
[
How many edges is

the shortest path
from s to:

75
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Bellman-Ford algorithm
R

How many edges is
the shortest path
from s to:

Bellman-Ford algorithm
e

How many edges is
the shortest path
from s to:

77

78

Bellman-Ford algorithm

Iteration: 0

Bellman-Ford algorithm
e

Iteration: 1

79
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Bellman-Ford algorithm

Iteration: 2

Bellman-Ford algorithm

Iteration: 3

A has the correct
distance and path

81

82

Bellman-Ford algorithm

Iteration: 4

Bellman-Ford algorithm

Iteration: 5

B has the correct
distance and path

83
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Bellman-Ford algorithm Bellman-Ford algorithm
| |
Iteration: 6 Iteration: 7
8 8 D (and all other
nodes) have the
correct distance
and path
6 6
9 9
85 86

Correctness of Bellman-Ford Runtime of Bellman-Ford
| ] |
. " . P . . BELLMAN-FORD(G, s
Loop invariant: After iteration i, all vertices with shortest 1 forallve ‘(, )
paths from s of length i edges or less have correct distances 2 dist[v] — oo
3 prev(v] — null
4 dist[s] — 0

BF_LLM:\N-FORD(.G‘S) 5 fori—1lto|V|—1

} for all v e,‘l 6 for all edges (u,v) € £

é d“t[“]. e " 7 if dist[v] > dist[u] + w(u,v)
1 distls] _porm (0] — mu 8 dist[v] — dist[u] + w(u,v)
5 forie—1to[V|—1 9 - prevfo]—u

6 for all edges (u,v) € E 10 for all edges (u,v) € E

7 if dist[v] > dist[u] + w(u,v) 11 if dist[v] > distu] + w(u,v)

8 dist[v] — dist[u] + w(u,v) 12 return false

9 prev[v] — u

10 for all edges (u,v) € E

11 if dist[v] > dist[u] + w(u,v) O(|V| |E|)

12 return false

87 88
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Runtime of Bellman-Ford

BELLMAN-FORD(G, 5)
for allveV

dist[v] — oc

prev(v] — null
dist[s] — 0
fori— 1to |[V|—1

for all edges (u,v) € £

if dist[v] > dist[u] + w(u,v)
dist[v] — dist[u] + w(u,v)

g prev[v] — u
10 for all edges (u.,v) € E
11 if dist[v] > distlu] + w(u,v)
12 return false

[P = RN, B S JORY R

=]

Can you modify the algorithm to run
faster (in some circumstances)?

Single source shortest paths

All of the shortest path algorithms we’ve looked at
today are call “single source shortest paths” algorithms

Why?

89

90
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