MORE GRAPH ALGORITHMS

David Kauchak
CS 140 — Spring 2023
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Admin
[
Assignment 8 (DP coding). How did it go?

Assignment 9, graph algorithms: use/modify existing
algorithms

Connectedness
[E
Given an undirected graph, for every node u €V,

can we reach all other nodes in the graph?
Algorithm + running time

Run BFS or DFS-Visit (one pass) and mark
nodes as we visit them. If we visit all nodes,
return true, otherwise false.

Running time: O(|V] + |E])

Strongly connected
e

Given a directed graph, can we reach any node v
from any other node u?

Can we do the same thing?
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Transpose of a graph Strongly connected
| |
Given a graph G, we can calculate the transpose of a
graph G by reversing the direction of all the edges
G GR
Strongly-Connected(G)
- Run DFS-Visit or BFS from some node u
/ - If not all nodes are visited: return false
.\ . - Create graph Gr
- Run DFS-Visit or BFS on GR from node u
. - If not all nodes are visited: return false
- return true
Running time to calculate GR?  6(|V| + |E|)
5 6
Is it correct? Runtime?
| ] |
What do we know after the first pass?
Starting at u, we can reach every node Strongly-Connected(G)
- Run DFS-Visit or BFS from some node v O(IV| +[El)
2 - If not all nodes are visited: return false ~ O(IVI)
What do we know cn:er I::] seecond pass? - Create graph GF 8(V| +E))
Al nodes can reach u. v* . i - Run DFS-Visit or BFS on GR from node u o(V| +|E])
We can get from u to every node in G¥, therefore, if we reverse the .
edges (i.e. G), then we have a path from every node to u - If not all nodes are visited: return false  O(|V|)
- return true
Which means that any node can reach any other node. Given
any two nodes s and t we can create a path through u
O(IV] + [E])
7 8



4/3/23

Minimum spanning trees
=
What are they?

What do you remember about them?

What algorithms do you remember?

Minimum spanning trees
[

What is the lowest weight set of edges that connects all vertices
of an undirected graph with positive weights

Input: An undirected, positive weight graph, G=(V,E)

Output: A tree T=(V,E' ) where E' < E that minimizes

weight(T) = ZWE

eckE'

10

MST example

MSTs
[

Can an MST have a cycle?

11

12
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MSTs
[

Can an MST have a cycle?

Applications?
(D
Connectivity

© Networks (e.g. communications)
o Circuit design/wiring

hub /spoke models (e.g. flights, fransportation)

Traveling salesman problem?

13

14

Algorithm ideas?

Cuts
[

A cut is a partitioning of the vertices into two sets S and V-S

An edge “crosses” the cut if it connects a vertex ueV and veV-$S

o

15
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Minimum cut property

Given a partition S, let edge e be the minimum cost
edge that crosses the partition. Every minimum
spanning tree contains edge e.

Prove this!

o

Minimum cut property

Given a partition S, let edge e be the minimum cost
edge that crosses the partition. Every minimum
spanning tree contains edge e.

S V-8

Consider an MST with edge €’ that is not the minimum edge

17

18

Minimum cut property

Given a partition S, let edge e be the minimum cost
edge that crosses the partition. Every minimum
spanning tree contains edge e.

S V-S

Using e instead of €', still connects the graph,
but produces a tree with smaller weights

Minimum cut property

If the minimum cost edge that crosses the partition is
not unique, then some minimum spanning tree contains
edge e.

o

19
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Kruskal’s algorithm
R

Given a partition S, let edge e be the minimum cost edge
that crosses the partition. Every minimum spanning tree
contains edge e.

KRUSKAL(G)
for allv e V
MAKESET(v)
T—{}
sort the edges of E by weight
for all edges (u,v) € E in increasing order of weight
if FIND-SET(u) # FIND-SET(v)
add edge to T
UNION(FIND-SET(u), FIND-SET(v))

W=D O WD

Kruskal” s algorithm

Add smallest edge that connects
two sets not already connected

21

22

Kruskal’s algorithm Add smallest edge that connects
two sets not already connected

MST
® & 6

Kruskal” s algorithm

Add smallest edge that connects
two sets not already connected

MST

®—© 6

23
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Kruskal” s algorithm

Add smallest edge that connects
two sets not already connected

Kruskal” s algorithm

Add smallest edge that connects
two sets not already connected

25

26

Kruskal” s algorithm

Add smallest edge that connects
two sets not already connected

MST

Kruskal” s algorithm

Add smallest edge that connects
two sets not already connected

27

28
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Kruskal’s algorithm Add smallest edge that connects Kruskal’ s algorithm Add smallest edge that connects
two sets not already connected two sets not already connected

MST MST
1 . 1
3 3 4
2 . 2
29 30
Kruskal s algorithm Add smallest edge that connects Kruskal’ s algorithm Add smallest edge that connects
two sets not already connected two sets not already connected

31 32
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Add smallest edge that connects
two sets not already connected

Kruskal” s algorithm

Add smallest edge that connects
two sets not already connected

Kruskal” s algorithm

Done!

33

34

Correctness of Kruskal’s

[N
Never adds an edge that connects already connected vertices

Always adds lowest cost edge to connect two sets. By min cut
property, that edge must be part of the MST

KRUSKAL(G)
for allv e V
MAKESET(v)
T—{}
sort the edges of E by weight
for all edges (u,v) € E in increasing order of weight
if FIND-SET(u) # FIND-SET(v)
add edge to T
UNION(FIND-SET(u), FIND-SET(v))

W=D O WD =

Running time of Kruskal’ s
e

KRUSKAL(G)
forallveV
MAKESET(v)
T {}
sort the edges of E' by weight
for all edges (u,v) € F in increasing order of weight
if FIND-SET(u) # FIND-SET(v)
add edge to T
UNION(FIND-SET (1), FIND-SET(v))

[ e

35
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Running time of Kruskal s
fr

KRUSKAL(G)

1 forallveV

i |V] calls to MakeSet
2 MAKESET(v)

3 T {}

‘ 4 sort the edges of E by weight ‘ O(lEl IOQ |E|)
5 for all edges (u.v) € F in increasing order of weight .

‘ 6 if FIND-SET(u) # FIND-SET(v) ‘ 2 |E| calls to FindSet
7 add edge 10T )

‘ 8 UN1oN(FIND-SET(1), FIND-SET(v)) ‘ |V] calls to Union

Disjoint set data structures
[

Represents a collection of one or more sets

Operations:

- MakeSet: Add a new value to the collections and
make the value it's own set

- FindSet: Given a value, return the set the value is in

Union: Merge two sets into a single set

37

38

Disjoint set data structure Disjoint set data structure
| ] |

MakeSet(A), MakeSet(B), MakeSet(C), MakeSet(D), FindSet(A)?

MakeSet(E)

Disjoint Set Disjoint Set
A B C D E A B C D E

39 40

10
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Disjoint set data structure

FindSet(A)2

Disjoint Set

@ B C D

Disjoint set data structure

|
Union(FindSet(A), FindSet(E))

Disjoint Set

41
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Disjoint set data structure

Union(FindSet(A), FindSet(E))

Disjoint Set

B C D

Disjoint set data structure

|
Union(FindSet(C), FindSet(D))

Disjoint Set

43

44
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Disjoint set data structure Disjoint set data structure
[ [
Union(FindSet(C), FindSet(D)) FindSet(D)?
Disjoint Set Disjoint Set
A B A B C
E E D
45 46

Disjoint set data structure Disjoint set data structure
[ [
FindSet(D)? Union(FindSet(D), FindSet(B))
Disjoint Set Disjoint Set
A B A B C
E E D
47 48
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Disjoint set data structure

[
Union(FindSet(D), FindSet(B))

Disjoint Set

A
E

Disjoint set data structure

|

How would we implement it with a list of linked lists?
MakeSet?

FindSet2

Union2

Disjoint Set

A
E

49 50

Disjoint set Disjoint set: union
= [

A B C A B @ D
51 52

13
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Disjoint set: union Disjoint set: union
= =
B B
A A
53 54
Disjoint set: union Disjoint set: union
= =
D D
C C
B B
A A
Running time? O(1)
55 56

14
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Disjoint set: find-set Disjoint set: find-set
| ] |
B D B D
A C A C
Search each linked list Running time?
57 58
. . . . . . 4
Disjoint set: find-set Running time of Kruskal s
| ] |
Disjoint set data structure
O(IE] log [E]) +
MakeSet FindSet Union
B D (V calls) (E| calls) (V| calls)
Linked lists V| O(IVI |El) VI O(IVIE] + |E] log |E)
A C
O(n) -- n = number of things in set Linked lists + Y O(IEllog [V) V| O(E] log |V|+ [E] log |E])
heuristics
59 60
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Priv(G,r)

Prim’s algorithm

Start at some root node and build out the MST by adding the
lowest weighted edge at the frontier

6
7

while |Empty(H)

u — EXTRACT-MIN(H)
visited[u] — true
for each edge (u,v) € E
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY (v, w(u,v))
prev[v] — u

1 forallveV

2 key[v] — oo M ST

3 prev[v] — null

4 key[r] —0

5 H — MakeHEAP(key) . . .

6 while !Empty(H)

7 u — EXTRACT-MIN(H)

8 visited[u] — true

9 for each edge (u,v) € B

10 if lvisited[v] and w(u,v) < key(v)

11 DECREASE-KEY(v,w(u,v))

12 prevv] — u . . .

64 65
6 while !Empty(H) 6 while |Empty(H)
7 u — EXTRACT-MIN(H) 7 u — EXTRACT-MIN(H)
P rim ’s 8 visited[u] — true P rim 8 visited|u] — true

9 for each edge (u,v) € E 9 for each edge (u,v) € E
10 if lwisited[v] and w(u,v) < key(v) if lwisited[v] and w(u,v) < key(v)
11 DECREASE-KEY (v, w(u, v)) DECREASE-KEY (v, w(u,v))
12 prev[v] — u prev[v] — u

MS

—

%) 0 «©
®© 0 0

MS

—

4

®

®
0

o 5
® ©
® ©
0o 6

66

67
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while !Empty(H)

6
7

u — EXTRACT-MIN(H)
visited[u] — true

for each edge (u,v) € £
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY(v, w(u,v))
prev[v] — u

MS
o 5
® ©
s e

—

6  while |Empty(H)
7

u — EXTRACT-MIN(H)
visited[u] «— true

for each edge (u,v) € E
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY(v, w(u,v))
prev[v] — u

MS
0 5
® ©
® ©
0 6

—

68

69

6

while !Empty(H)

7

u — EXTRACT-MIN(H)
visited[u] — true

Prim’s s

10
11

12

for each edge (u,v) € E
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY (v, w(u, v))|
prev[v] — u

MST
5

6 0

o0
o0

6
7

while !Empty(H)
u — EXTRACT-MIN(H)
visited[u] — true

for each edge (u,v) € E
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY (v, w(u,v))
prev[v] — u

70

71
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6 while !Empty(H)
7 u — EXTRACT-MIN(H)
visited[u] — true

for each edge (u,v) € £
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY(v, w(u,v))
prev[v] — u

MST
5

6
7

while |Empty(H)
u — EXTRACT-MIN(H)
visited[u] «— true

for each edge (u,v) € E
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY(v, w(u,v))
prev[v] — u

Nothing changes

72

73

6 while !Empty(H)

7 u — EXTRACT-MIN(H)
P rim ’S 8 visited[u] — true
9 for each edge (u,v) € E
10 if lwisited[v] and w(u,v) < key(v)

DECREASE-KEY (v, w(u, v))|
prev[v] — u

MST
5

6
7

while !Empty(H)
u — EXTRACT-MIN(H)
visited[u] — true

for each edge (u,v) € E
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY (v, w(u,v))
prev[v] — u

74

75
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u — EXTRACT-MIN(H)

6 while !Empty(H)
7
8 visitedu] — true

for each edge (u,v) € F
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY(v, w(u,v))|
prevjv] — u

MST
5

u — EXTRACT-MIN(H)

6 while !Empty(H)
7
8 visited[u] — true

for each edge (u,v) € E
if lwisited[v] and w(u,v) < key(v)
DECREASE-KEY(v, w(u,v))
prevjv] — u

MST
5

Done!

76

77

Correctness of Prim’s?
[

Can we use the min-cut property?

Given a partion S, let edge e be the minimum cost edge that crosses the
partition. Every minimum spanning tree contains edge e.

Let S be the set of vertices visited so far

The only time we add a new edge is if it's the lowest weight edge
from S to V-S

Running time of Prim’s
[

Priv(G.7)
1 forallveV

2 keylv] — oo

3 prev[v] — null

4 key[r] <0

5 — MakeHEaP(key)

6 while |Empty(H)

7 u — EXTRACT-MIN(H)

8 visited[u] — true

9 for each edge (u,v) € E

10 if lwisited[v] and w(u,v) < key(v)
11 DECREASE-KEY (v, w(u, v))
12 prev[v] — u

78

79
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. . . ’ . . . ’
Running time of Prim s Running time of Prim s
| ] |
PriM(G,7) 1 MakeHeap  |V| ExtractMin  |E| DecreaseKey Total
1 forallveV
2 hed (v Aray  B(V) ovP) (=) ovP)
4 key[r] —0
5 H — MAKEHEAP(key) 1 call to MakeHeap
K e A | IVl calls to Extract:Min Binheap  6(V]) O(Vilog V) O(Ellog V)  O((IVI*[E]) log V)
8 visited[u| — true 0(|E| IOg |V|)
9 for each edge (u,v) € E
10 if lwisited[v] and w(u,v) < key(v)
[11 DECREASE-KEY(v, u'(;. v))] |E| calls to Decrease-Key
2 previ] —u Fibheap  6(|V]) O(IVl log |V]) O(IED O([V] log |V] + |E])
Kruskal’s: O(|E| log |E| )
80 81
Shortest paths Shortest paths
| ] |
What is the shortest path from a to d? BFS
82 83
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Shortest paths
[

What is the shortest path from a to d?

Shortest paths
[

What is the shortest path from a to d?

84

85

Shortest path algorithms?
(s

Dijkstra’s algorithm
[
What is dist?

What is preve

DUKSTRA(G, s)
for allv eV
dist[v] — oo
prev[v] — null
dist[s] — 0

1 How does it work?
2

3

4

5 @« MakeHEapr(V)

6

7

8

What is the run-time?

while 'EMPTY(Q)
u — EXTRACTMIN(Q)
for all edges (u,v) € E

How do we get the shortest path?

9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 prevfv] — u
86 87
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Dijkstra’s algorithm
=

dist[v] — dist[u] + 1

DUKSTRA(G, s) BFS(G.s)

1 forallveV for each v € V'

2 dist[v] — 0o dist[v] = oo

3 prevfp] — null dist[s] =0

4 dist[s] — 0 i ENQUEUE(Q, 5)

5 Q— MakeHEAR(V) while 'EMpTY(Q)

6 while !EmMPTY(Q) u «— DEQUEUE(Q)

7 u — EXTRACTMIN(Q) VisiT(u)

8 for all edges (u,v) € E for each edge (u,v) € E
9 if dist[v] > dist[u] + w(u,v) if dist[v] = 0o
10 dist[v] — dist[u] + w(u,v) ENQU
11 DECREASEKEY(Q, v, dist[v])

12 previv] — u

Dijkstra’s algorithm

prev keeps track of

the shortest path
BFS(G.s)

1 foreachv eV
2 2 dist[v] = o0
3 3 dist[s] =0
:1 . 4 ENQUEUE(Q.s)
5 Q - MakeHEAP(V) 5 while |EMPTY(Q)
6 while 'EMPTY(Q) 6 u — DEQUEUE(Q)
7 u «— EXTRACTMIN(Q) 7 Visit(u)
8 for all edges (u,v) € 8 for each edge (u,v) € E
9 if dist[v] > dist[u] + w(u,v) 9 if dist[y] = oo
10 dist[v] — distlu] + w(u,v) g ENQU (Q.v)
11 DECREASEKEY(Q, v, dist[]) 1y dist[v] — dist[u] + 1
12

88

89

Dijkstra’s algorithm
fr

DUKSTRA(G, )

1 forallveV

2 dist[v] — o

3 prev[v] — null

4 dist[s] — 0

5 Q— MakeHEaR(V) |
G while TEMPTY(()

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E

9 if dist[v] > dist[u] +w(u,v)

10 dist[v] — dist[u] +w(u.v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

reachv eV
dist[v] = 0o
0

dist

B

ENQUEUE(Q. 5)

while 'EMpTY(Q)
u — DEQUEUE(Q)
VisiT(u)
for e;

edge (u,v) € F
if dist[v] = oo

ENQUEUE(Q.v)
dist[v] — dist[u] + 1

Dijkstra’s algorithm
[

DUKSTRA(G, )

1 foralvel 1

2 dist[v] — o 2 s

3 prev[v] — null 3 dist[s] =0

4 dist[s] — 0 4 ENQUEUE(Q.s)

5 @« MaxeHeap(V) 5 while 'EMPTY(Q)

6 while |EmMpPTY(Q) 6 u — DEQUEUE(Q)

7 u «— EXTRACTMIN(Q) 7 r(U)

8 for all edges (u,v) € £ 8 for each edge (u v) € E
o i distlo] > distfu] + w(u,2) I To |
10 dist[v] — distlu] +w(u,v) g E(Q,v)

11 DECREASEKEY(Q, v, dist[v]) 11 dist[v] — dist[u] + 1
12 previv] — u

90

91
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Dijkstra’s algorithm

DIIKSTRA( BFS(G,s)

1 forallveV 1 foreachveV

2 dist[v] — oo 2 dist[v] = oo

3 prev[v] — null 3 distls] =0

i) dist[s] — 0 i 4 ENQUEUE(Q.s)

5 Q - MakeHEAP(V) 5 while lEMPTY(Q)

6 while !EmMPTY(Q) 6 u «— DEQUEUE(Q)

7 u — EXTRACTMIN(Q) 7 VisiT(u)

8 for all edges (u,v) € E 8 for each edge (u,v) € B

a if distle] > distlu] & aw(u 2) 9 if dist[v] = oo

10 dist[v] — dzft[u] + w(u.v) ‘ 10 ENQUEUE(Q, 1)
i1 DECREASEREN(Q. v, dist[t]) [y distlv] — distu] + 1]
12 previv] — u

DUKSTRA(G, s)

1 forallvel

2 dist[v] — oo

3 prevjv] — null

4 dist[s] — 0

5 Q«— MakeHEar(V)

6 while 'EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E

9 if dist[v] > dist[u] + w(u,v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

92

DUKSTRA(G, s)

1 foralveV
2 dist[v] — oo
prev[v] — null

T dist[s] — 0
5 @« MAKeHEAP(V)

6 while !EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u.v)

10 dist[v] — dist[u] + w(u,v)
11 DEc KeY(Q. v, dist[v])

12 prevfv] — u

DuKsTRA(G, 5)
1 forallveV
2 dist[v] — oo
prev[v] — null

qistls] — 0

while !EMPTY(Q)

4

5 Q«— MakeHEar(V)

6

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € £

9 if dist[v] > dist[u] + w(u.v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

Heap

AO
B «
C o
D w
E «©

94

95
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DUKSTRA(G, s)

1 foralwveV
2 dist[v] — oo
3 previv] — null
4 dist[s] — 0
5 Q« MAKEHEAP(V)
6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u,v)
10 dist[v] — dist[u] + w(u.v)
11 DECREASEKEY(Q, v, dist[v])
12 prevjv] — u
3
0
1

Heap

B «
C o
D «
E o

DUKSTRA(G, s)

1 foralwveV

2 dist[v] — oo

3 prevjv] — null

4 dist[s] — 0

5 Q«— MakeHEar(V)

6 while 'EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u.v) € F
[o if dist[v] > dist[u] + w(u,v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Heap

B o
C o
D
E o

96
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DUKSTRA(G, s)
1 forallveV

2 dist[v] — oo

3 previv] — null

4 dist[s] — 0

5 @« MAKeHEAP(V)

6 while !EMPTY(Q)

7 u +— EXTRACTMIN(Q)

8 for all edges (u,v) € £
9 if dist[p] > distlu] +w(u v)

10 dist[v] — dist[u] + w(u,v)
11 De KEeY(Q, v, dist[v])

12 prevfv] — u

Heap

C1
B «
D «
E ©

DuKsTRA(G, 5)
1 forallveV
2 dist[v] — oo
prev[] — null
4 dist[s] — 0
5 Q«— MakeHEar(V)
6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q)

8 for all edges (u,v) €
[o if dist[v] > dist[u] + w(w,v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

Heap

C1
B «
D
E «©

98

99
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DUKSTRA(G, s)

1 foralwveV

2 dist[v] — oo

3 previv] — null

4 dist[s] — 0

5 Q« MAKEHEAP(V)

6 while !EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E

9 if dist[o] > dist{u] +w(u )

10 dist[v] — dist[u] + w(u.v)
11 DECREASEKEY(Q, v, dist[v])
12 prevjv] — u

DUKSTRA(G, s)
for all v

1 /
2 dist[v] — oo

3 prevjv] — null
4 dist[s] — 0

5 Q«— MAKeHEApP(V)

6 while 'EMPTY(Q)

7

u — EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Heap

cC1
B 3
D
E o

100

101

DUKSTRA(G, s)
forallveV

dist[v] — oo
prevfv] — null

Q «— MakeHEap(V)
while 'EMPTY(Q)

1

2

3

4 dist[s] — 0
5

6

7

u +— EXTRACTMIN(Q)

8 for all edges (u,v) € £
9 if dist[v] > dist[u] + w(u.v)
10 dist[v] — dist[u] + w(u,v)
11 DE Kev(Q, v, dist[v])
12 prevfv] — u

3

0
1

Heap

B 3
D «
E ©

DuKsTRA(G, 5)
1 forallveV
2 dist[v] — oo
prev[] — null
4 dist[s] — 0
5 Q«— MakeHEar(V)
6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q)

8 for all edges (u,v) €
[o if dist[v] > dist[u] + w(w,v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

Heap

B 3
D
E «©
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DUIKSTRA(G, s)

1 foralwveV

2 dist[v] — oo

3 previv] — null

4 dist[s] — 0

5 Q« MAKEHEAP(V)

6 while !EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u.v) € F
[o if dist[v] > dist[u] + w(u,v) |
10 dist[v] — dist[u] + w(u.v)
11 DECREASEKEY(Q, v, dist[v])
12 prevjv] — u

Heap

B 3
D «
E o

D

1
2
3
4 dist[s] — 0
5
6
7

LIKSTRA(G, 8)
for all v

dist[v] — oo
prev[v] — null

Q — MaKEHEAP(V)
while !EMPTY(Q)
u — EXTRACTMIN(Q)

8 for all edges (u,v) € E

9 if dist[p] > distlu] 4wl v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Heap

B 2
D «
E o
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DLIKSTRA(G, s)
1 forallveV

2 dist[v] — oo

3 previv] — null

4 dist[s] — 0

5 @« MAKeHEAP(V)

6 while !EMPTY(Q)

7 u +— EXTRACTMIN(Q)

8 for all edges (u.v) €
[o if dist[v] > dist[u] + w(u,v)

10 dist[v] — dist[u] + w(u,v)
11 DE: KeY(Q. v, dist[v])

12 prevfv] — u

Heap

B 2
D «
E ©

DuKsTRA(G, 5)
1 forallveV

2 dist[v] — oo

3 prev[v] — null

4 dist[s] — 0

5 @Q«— MAKEHEAP(V)

6 while 'EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E
1] if dist[p] > distlu] +wlu o)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

Heap

B 2
E 5
D «

106

107

26



4/3/23

DUKSTRA(G, s)
1 foralwveV
2 dist[v] — oo
3 prev[v] — null
4 dist[s] — 0
5 Q« MAKEHEAP(V)
6 while !EMPTY(Q)
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u,v) Heap
10 dist[v] — dist[u] + w(u.v)
11 DECREASEKEY(Q, v, dist[v])
12 previv] — u E 3
D5
3
0
1

DUKSTRA(G, s)

1 forallvel
2 dist[v] — oo

3 prevjv] — null

4 dist[s] — 0

5 Q«— MakeHEar(V)

6 while 'EMPTY(Q)

7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E

9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])

12 previv] — u

Heap

D5
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DUKSTRA(G, s)

1 forallveV
2 dist[v] — oo
3 prev[v] — null
4 dist[s] — 0
5 Q« MAKEHEAP(V)
6 while !EMPTY(Q)
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u.v) Heap
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12
3
0
1

DuKsTRA(G, 5)

1 forallveV
2 dist[v] — oo
3 prev[] — null
4 dist[s] — 0
5 Q«— MakeHEar(V)
6 while 'EMPTY(Q)
7 u «— EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 EASEKEY(Q. v, dist[v])
12
2 3 5
0 1
1
1 1 3

Prev

Heap
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DUKSTRA(G, .o y .
| forall vev Is Dijkstra’s algorithm correct?
2 dist[v] — oo
3 prev[o] — null |
4 distls] — 0
5 Q«— MakeHEap(V) . .
6 while EMPTY(Q) Invariant: For every vertex removed from the heap,
T e EXTRACTMIN(Q) dist[v] is the actual shortest distance from s to v
8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u,v) Heap
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v]) DuKSTRA(G.
12 previv] —u 1 forallveV
2 dist[v] — o
2 5 3 prevfo] — null proof?
3 4 dist[s] — 0
Prev 5 Q+— MakeHEap(V)
6 while 'EMPTY(Q)
0 7 u — EXTRACTMIN(Q)
1 How do we get the actual paths? 8 for all edges (u,v) € E
1 9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u.v)
1 11 DECREASEKEY(Q, v, dist[v])
1 3 12 prevjo] — u
.o ’ . . .
Is Dijkstra s algorithm correct? Running time?
| |
Invariant: For every vertex removed from the heap, dist[v] is
the actual shortest distance from s to v
DUKSTRA(G, s)
1 forallveV
. . A N 2 dist[v] — oo
The only time a vertex gets visited is when the distance from 3 prevfv] — null
. . - 4 dist[s] — 0
s to that vertex is smaller than the distance to any remaining 5 0o MakeHeap(V)
vertex 6 while 'EMPTY(Q)
7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist (u,v)
Therefore, there cannot be any other path that hasn’t been 10 o [(](lls;[z‘] L“er;[‘ul]liu-(“_m
visited already that would result in a shorter path }1) DE(;‘?“'EI\’P\'(O-I& dist[v])
2 prevfv] — u

114
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Running time?

DUIKSTRA(G, s)

forallveV
dist[v] — oo
prev(v] — null
dist[s] = (0

Q — MakeHEAP(V)

1

2
3
4
5
6
7

© o

10
11

while TENMPTY((]
u — EXTRACTMIN(Q)

for all edges (u,v) € E

if dist[v] >

ist[u] + w(u, v)

dist[v] — dist[u] + w(u.v)
DECREASEKEY(Q, v, dist[v])
prevv] — u

1 call to MakeHeap

Running time?

DUKSTRA(G, )

| IVl iterations

1 forallve

2 dist[v] — o

3 prev[v] — null

4 dist[s] — 0

5 Q« MakpHeap(V')

6 while lEMPTY(Q)

7 U — EXTRACTMIN{Q]

8 for all edges (u,v) € F

0 if dist[v] > dist[u] + w(u,v)

10 dist[v] — dist[u] +w(u.v)
11 DECREASEKEY(Q. v, dist[v])
12 prevjv] — u

116
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Running time?

DUKSTRA(G, s)

1 forallveV
dist[v] — oo
previv] — null
4 dist[s] — 0
Q — MakeHEAP(V)

w o

chile tEMpTy(Q)
- )

S h e

u — EXTRACTMIN(Q)

‘ |V| calls

10
11
12

for all edges (u,0) € E

if dist[v] > dist[u] +w(u,v)

dist[v] — dist[u] + w(u.v)
DECREASEKEY(Q, v, dist[v])

previv] — u

Running time?

DUKSTRA(G, s)

for all v eV
dist[v] — oo
prevfv] — null

Q — MaKEHEAP(V)
while 'EMPTY(Q)

1
2
3
4 dist[s] — 0
5
6

u +— EXTRACTMIN(Q)

8 for all edges (u,v) € E

9 if dist[v] > dist[u] + w(u.v)

10 dist{v] e distlu] 4+ w(u )
11 DECREASEKEY(Q, v, dist[v])
12 previvi — u

O(E)) calls
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Running time? Running time?
| ] |
Depends on the heap implementation Depends on the heap implementation
1 MakeHeap  |V| ExtractMin  |E| DecreaseKey Total 1 MakeHeap  |V| ExtractMin  |E| DecreaseKey Total
Array Oo(vI) o(vP) O(IEN o(vP) Array Oo(IVI) O(IVP) O(IED O(IVP)
Binheap  O(|V|) O(IVI log |V]) O(IEl log [V])  O((IVI*IE]) log |VI) Binheap  O(|V) O(IVI log |V]) O(IE| log [V])  O((IVI*[E[) log [VI)
O(IE[ log |V]) O(IE[ log V)
Is this an improvement? If [E| < |VI|?/log |V|
120 121
Running time? What about Dijkstra’s on...?
| ] |
Depends on the heap implementation
1 MakeHeap  |V| ExtractMin  |E| DecreaseKey Total
Array o(vI) o(vP) O(El) o(vP) 1
1
Binheap  O(|V|) O(IV| log |V]) O(E| log [V]) ~ O((IVI+|E]) log [V]) 5
O(IE| log V]) 10 10
Fibheap  O(|V]) O(IV log |V]) O(IE]) O(|V] log [V] + [E])
122 123
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What about Dijkstra’s on...2

Dijkstra’ s algorithm only
works for positive edge
weights

s Dijkstra’ s algorithm correct?

Invariant: For every vertex removed from the heap, dist[v] is
the actual shortest distance from s to v

The only time a vertex gets visited is when the distance from
s to that vertex is smaller than the distance to any remaining
vertex

Therefore, there cannot be any other path that hasn’t been
visited already that would result in a shorter path

We relied on having positive edge weights for correctness!

124

DuKSTRA(G, s)

Dijkstra’s vs Prim’s

Priv(G.r)
1 foralvelV

1 forallveV
2 dist[v] — o 2 keyle] — o0
3 3 prev[v] — null
3 prevfe] — null
4 keylr] <0
4 distls] — 0 ! )
5 Q< MAKEHEAP(V) 5 H — MakeHEAP(key)
6 while !EMPTY(Q) 6 while |Empty(H)
7 u — EXTRACTMIN(Q) 7 u — ExXTRACT-MIN(H)
8 for all edges (u,v) € E ;‘ visited[u] — true o
9 if dist[o] ] + wlu,v) 9 for cach edge (u,v) €
10 dist[v) — distlu] + w(u.v) 10 if Wisited[v] and w(u,v) < key(v)
11 DECREASEKEY(Q, v, distl]) 11 DECREASE-KEY (v, w(u, v))
12 prevfv] — u 12 previv] — u
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