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Outline

Topics and Learning Objectives

* Learn about the master method fo@/ing recurre@
* Understand how to draw general recursion trees
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Exercise
* Applying the Master Method




Extra Resources

* Chapter 4 (sections 4-6) in CLRS
* Master Method



https://www.cs.cornell.edu/courses/cs3110/2012sp/lectures/lec20-master/lec20.html

Master Method

e For “ ” recurrences
NS

T(n) = the # of operations required to complete algorithm

m= 2T(::) +7/n
('

Base Case: T(1) <

Recurrence: T(n) < recursive-work +

e—N—— N —



Recurrence Equation

* When an algorithm contains a recursive call to itself

* We usually specify its running time by a recurrence equation

\/_\/\/

* We also sometimes just call this a “recurrence”
T

* A recurrence equation describes the overall running time on a
problem of size n in terms of the running time on smaller inputs

(some fraction of n) TU\\ — (% T



FUNCTION MergeSort(array)

Recurrence Equation
n = array. length

PO T L 1 T(n) =2 T(n/2) + O(n)

)l  RETURN array § N /{

2] left_sorted MergeSort (arra . < n//
M2 right_sorted X MergeSort ( arra

BB array_sorted = Merge(left_sorted, right_sorted)

RETURN array_sorted \\\\\\\\\\\—




Master Method

“Black Box” for solving recurrences

Assumes all subproblems are of equal size (most algorithms do this)

 The same amount of data is given to each recursive call

An algorithm that splits the subproblems into 1/3 and 2/3 (or an algorithm
that splits data randomly) must be in a different manner. We’ll look at
other methods later



Master Method Recurrence Equation

T(n) < T(n/ )+O(n¢) V\O’ k

s
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T(n) : total amount of operations
: recursive calls (# of subproblems), always >=1
. fraction of input size (shrinkage), always > 1
. extra work needed to combine, always >=0

What does zero mean for d?



Master Method Cases

T(n) < T(n/ )+0(n )

O(n lgn),
T(n) = O(n ),
O(nlog )’
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Master Method Cases

T(n) < T(n/ )+O(n )

O(n lgn), = Case 1
T(n) = O(n ), < Case 2
O(nl()g )’ > Case 3




Exercise Question 1 () < a7(,) +0(n)

° Merge sort \ /\ T(n) : total amount of operations
_ ’Z_ b: Z O\ — a :recursive calls (# of subproblems), always >=1
O\ / / : fraction of input size (shrinkage), always > 1

d :extra work needed to combine, always >=0

d — 1.d

@(‘f\ \% ‘f\\ T(n)=<1 0(n"), a<b’

k0(nlog a), a > d
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Exercise Question 2

* Binary search

o= |

T(n) <a T(n/b) + O(nd)(

T(n) : total amount of operations
a :recursive calls (# of subproblems), always >=1
b :fraction of input size (shrinkage), always > 1

d :extra work needed to combine, always >=0

,
0(n“lgn), a=hn"

T(n) = < 0(n), a < b
L0(7’1109196‘), a> h?




Exercise Question 3 T(n) < aT("/,) + 0(n")

* Closest pair

T(n) : total amount of operations

: recursive calls (# of subproblems), always >=1
: fraction of input size (shrinkage), always > 1

: extra work needed to combine, always >=0

(see

Mexge 0(n1gn)
W) T =1 o),

\ 0 (nlog ),

VA



Exercise Question 4 () < a7(,) +0(n)

° T(n) <=2 T(n/z) + O(nz) T(n) : total amount of operations

a :recursive calls (# of subproblems), always >=1

O\ _ 2 b — Z [ C\ — 2 : fraction of input size (shrinkage), always > 1

d :extra work needed to combine, always >=0

T rse 2
C —
L1 fO(ndlg]’z), a = b?®

T(n) = < @nd), a < b

__

@ C {\(Z/> 0(n'09r%), a > b

\
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lterative Matrix Multiplication 2= xv

k=1

. FUNCTION IMM(X, Y)
/ = create_new matrix( 51ze, X.size)

FOR i IN [0 .. O(Y\3>

FOR k IN [0 .. <
ZIi]l[j] += X[1][k] X Y[k][j]

1
2
3
4.
5. FOR j IN [0 . < 51ze
6
7/
8
9

RETURN Z
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Recursive Matrix Multiplication

FUNCTION RMM(X, Y)

1.

IF X.size == 1

2.

(X.size, X.size)

RETURN X x Y
/Z = create new matrix

Upper left
Upper right
Lower left
Lower right

®* ¥ ¥

AN N N N

— AN «— (N

RETURN Z

%/bﬁZ/d:Z

A\



Exercise Question 5

* Recursive matrix multiplication

O\‘: g ( \9:’2 / C\:z—

T(n) < aT(n/ )+ 0(n%)

T(n) : total amount of operations

a :recursive calls (# of subproblems), always >=1

: fraction of input size (shrinkage), always > 1

d :extra work needed to combine, always >=0

T(n) =

:
0(n“lgn), a=hn"
o), a<
0(n'o9r2), a > bt
—_ A

N”




Strassen’s Matrix Multiplication
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Exercise

e Strassen’s matrix multiplication

T(ny=0 "8 +0ld = 'S (—-0\3

T(n) < aT(",)

T(n) : total amount of operations

a :recursive calls (# of subproblems), always >=1
: fraction of input size (shrinkage), always > 1

d :extra work needed to combine, always >=0

:

0(n“lgn), a=hn"
Tm) =<4 0(n?), a<b”
O(nlog a)’ a > d

\




Master Method Proof

Assume

* T(1) = 0(1) (thisis our base-case)

*T(n) <aT(™/,) + cn

RSN JoVEl ol sl (NOtNECESSary butmakes thesmath easier)

* How did we analyze our first recurrence/divide-and-conquer
algorithm?



Generalizing the Recursion Tree Analysis

For merge sort

 What was the # number of subproblems for a given level L?
* What was the size of each of the subproblems at level L?
* How many total levels were there?



Merge Sort Exercise

1.How many sub-problems are there at level ‘L'? (Note: the top level is
‘Level 0’, the second level is ‘Level 1’, and the bottom level is ‘Level

log,(n)’)

2.HQl)W many eIementthere for a given sub-problem found in level
‘L

3.How many computations are performed at a given level? (Note the cost
of a ‘merge’ operation wa

4.What is the total com merge sort?




Generalizing the Recursion Tree Analysis

In the general case
* What is the # number of subproblems for a given level L?
* What is the size of each of the subproblems at level L?
* How many total levels are there?



Level O

Level 1
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Level logyn

How many sub-problems at level L?
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How many elements for each problem at level L?
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How much work is done outside of recursion?
(e
GLO
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What is the total work done at level L?
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What is the total work done
Jlﬁdt\\

Work at Level L CO\M
aLC(n/bL)d



What is the total work done

Work at Level L
aLC(n/bL)d

Rewrite to group together terms dependent on level
d L
cn (a/bd)

(O(n lgn),
T(n) =+ O(n ),
k0(,nlog )’

V A




What is the total work done

Work at Level L
aLC(n/bL)d

Rewrite to group together terms dependent on level
d L
cn (a/bd)

Work done for the entire tree
logpn

T() < ent ) (40"

L=0



Work done by a recursive algorithm

/




Let’s look at the cases again

What happens when

a = b4 : work stays roughly the same at each level

O(work at each level * number of levels) O(nd Ig n)

a < b : work goes down at each level

O(work done at the root)

a> b : work goes up at each level

O(work done at the leaves)




Review

: From where do
 We have three difference of trees n N
1. Work is similar at each level we get the cases:

2. Work decreases at each level
3. Work increases at each level

* These tree lead to our three cases for the Master Method
 What really matters is the ratio between a and

:
O(n lgn), = Case 1
T(n) =+ O(n ), < Case 2
O(nlog ), > Case 3

\




Couple of helpers

R



Couple of helpers
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log,(n) = 0(log,(n)) for all values of a =1



Couple of helpers
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log,(n)

log,(n) = log,(a) = clog,(n) = 0(log, (n)) for all values of a > 1

M =
ﬁﬂ
I
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Couple of helpers

K
1=k+1
=0

log,(n)

loga(n) — logz (a

) = clog,(n) = 0(log, (n)) for all values of a > 1




Proving the Master Method:

T(n) < cn Zlog (s D) a=Db*
. Zlog 1)L Y o1=k+1

cn”(log,n + 1)

Claim: T(n) = 0(n“l1gn)






Master Method

T(n) < T(n/ )+0(n )

O(n lgn),
T(n) = O(n ),
O(nlog )’

vV A



Proving the Master Method:

T(n) <

cn

cn

cn

cn

Zlog n(/ )L
Zlog n(/ )L

(/ )log n+1_4

() D1

1_(/ )log n+1

1-(“/ )

a < b?

Tk+1—1

k |
Zi=07”l -1

Multiply top and bottom by -1
The ratiois £ 1, so we can remove

the term and keep the original
inequality



Proving the Master Method:

1 /, 4 is constant with respect to n

T(n) < cn T

cnc,

Claim: T(n) = 0(n“)



Master Method

T(n) < T(n/ )+0(n )

O(n lgn),
T(n) = O(n ),
O(nlog )’

vV A



Proving the Master Method: Case 3

d
T() < cn’ %"/, 0" a>"b
The last term dominates:

(/ )log n

Distribute the exponent and
simplify

en’ 5256, 0"

en’ ()00

Clogn

Claim: T(n) = 0(n'°9»%)



Master Method

T(n) < T(n/ )+0(n )

O(n lgn),
T(n) = O(n ),
O(nlog )’

vV A



Master Method Summary
T(n) < T(n/ )+0(n )

1. We analyzed a generalized recursion tree

2. Counted the amount of work done at each level T(n) : total amount of operations

: recursive calls (# of subproblems), always >=1
3. Counted the amount of work done by the tree . fraction of input size (shrinkage), always > 1

4. Found that we have three different types of trees : extra work needed to combine, always >= 0

1. Same rate throughout (case 1: a = bd)

. a<b (
2. Root dominates (case 2: a < b?) 0 (Tl ]g n),

T(n) =« 0 (n ),
5. Saw that these trees relate to the difference master
[
method cases \ 0(7’1 °d );

3. Leaves dominate (case 3: a > bd)

V A




